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INTRODUCTION. 
Sect. I. 



1. Philosophy is the knowledge of the general 
laws observed by the phenomena of nature, whe- 
ther in the intellectual or material world. 

^^ 2. In the material world, the action which takes 
place among bodies, either produces a permanent 
change in the internal constitution of those bodies, 
or it does not. In the former case, the phenome- 
na belong to chemistry, in the latter to natu- 
ral PHILOSOPHY. 

The action of the same cause may, by a change of cir- 
cumstances, pass from being an object of the one of 
these sciences to become that of the other. The ac- 
tion of Heat, when it expands or contracts the dimen- 
jfions of bodies, belongs to Natu Al Philosophy ; 
A when 
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when the same power bums and consumes bodies, 
its action belongs to Chemistry. When it converts 
water into steam it may belong to either science. 

3. When from a comparison of a number of facts 
known from experiment or observation to be true, 
the existence of a more general feet is inferred, the 
inference is said to be made by induction. 

It is from induction that all certain and accurate know- 
ledge of the laws of nature is derived. 

*? 4. When general principles or axioms have been 

established by induction, we can often, by the ap- 
plication of mathematical reasoning, deduce con- 
clusions as clear and certain as the principles them- 
selves. 

The great advantage which Natural Philosophy seems 
here to possess exclusively, arises from this, that the 
action which it treats of, extends to large masses of 
matter, and to considerable distances^ such as can be 
measured by lines and numbers. 

5. The branch of knowledge which collects and 
classifies facts, is called Natural History. 

Natural History is here taken in its most general sense, 
such as it is understood by Bacon ; in common lan- 
guage its objects are confined to what are called the 
three kingdoms, the Mineral, Vegetable, and Ani- 
maL 

6. We are said to explain a phenomenon, w^hen 

we 
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we shew it to be necessarily included in some phe- 
nomenon or fact already known, or supposed to be 
known ; and we consider one phenomenon as the 
cause of another, when we conceive the existence 
of the latter to depend on some force or power re- 
siding in the former* 

7» A fact assumed in order to explain appear- 
ances, and having no other evidence of its reality, 
but the explanation it is supposed to afford, is call- 
ed a HYFOTHESIS. 

8- An explanation of any system of appear- 
ances or events founded on facts known to exist 
from evidence independent of those appearances, 
is called a theort. 

In the explanation of natural appearances, and in all 
inductive reasonings, Facts, though equally certain, 
may be of different value for the discovery of truth. 
Bacon has classified facts, and explained their peculiar 
advantages as instruments of investigation, in the 2d 
book of the Novum Orgakum. 



9* When one system of events or appearances is 
similar to another, and when we infer that the 
causes in these two systems are also similar, we avc 
said to reason from analogy- 

Such reasonings will be more or less conclusive, accord* 
ing as the similarity is more or less considerable. 
Explanations, therefore, or theories founded on ana- 
A 2 logy, 
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logy, may have all degrees of evidence, from the least 
to the greatest. 
Many theories are founded entirely on analogy. 

1 0. When a theory has been discovered by in- 
duction, it may be made use of by reasoning in a 
reverse order, for discovering new facts, and pre- 
dicting the result of new combinations. 

This will be best illustrated by the examples that will 
occur in treating of Physical Astronomy. 

11. The evidence of a theory, increases with the 
number of facts which it explains, and the preci- 
sion with which it explains them. It diminishes 
with the number of facts which it does not ex- 
plain, and with the number of different supposi- 
tions that will afford explanations equally precise. 

in the analytical or inductive method of Bacon, the 
possible theories are all excluded but one or at most 
a small number, before the explanation is attempt- 
ed. Novum Organurtij Lib. ii. cap. 16. 

A theory ftiay not deserve to be rejected, though it 
does not explain all the phenomena, if it explain a 
great number, and be not absolutely inconsistent 
with any one. A single fact, inconsistent with a 
theory, may be sufficient to overturn it. 

12. In tracing the necessary connection of na- 
tural phenomena, this axiom is often of use : No- 
thing exists in any state that is not determined by 

some. 



> ^ 



some r:^ason to^ be in thp.ts(lfte> rather than in any 
other. . , . 

Hence two things of which the conditions are determi- 
ned by reasons that are precisely the same, are in all 
respects similar to one another. Heuce, ajso, if 
there are two conditions, and no r^son to determine 
a subject to be in one of them rather than! ano- 
ther, we are to conclude that it is in neither. .This 
axiom has been called the principle of the suffi- 
cient REASON. It was used by Archimedes in his 
demonstration of some propositions in mechanics ; 
but It was first stated as a general principle of philo- 
sophic reasoning by Leibnitz. It riiay be used to 
great advantage for demonstrating the more simple 
propositions of geometry as well as of mechanics. 

13. Experiment is not only necessary in the in- 
vestigation of truth, but it is useful for proving 
truths that have already been investigated. 

In this latter application of it, it serves three pur- 
poses : 

I. It verifies the conclusion of our reasonings, and dis- 

covers whether any element has been left out, or 
any error committed in the course of the investiga- 
tion. ' 

II. It exemplifies the application of general principles 
to the explanation of particular facts. 

III. It impresses the truth both of the principles and 
the conclusion most strongly on the mind. 

Though an experiment can only prove a proposition 

in one particular case, yet from a combination of 

two or more experiments, such evidence of the ge- 

A 3 neral 
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neral proposition may arise, as to fall little 
short of demonstration. 

14. The study of Natural Philosophy is accom- 
panied with great advantages. 

I. It extends man^s power over nature, by explaining 

the principles of the various arts which he practises. 

II. It improves and elevates the mind, by unfolding to 
it the magnificence, the order, and the beauty ma- 
nifested in the construction of the material world. 

pi. It offers the most striking proofs of the beneficenc^ 
the wisdom, and the power of the Creator. 



JSegt. II. 



PROPERTIES OF MATTER. 



15. Body is a substance, extended in three dimen- 
sions, impenetrable, and moveable. 

Gravity or weight is often included in the description 
of body ; it is left out here, because though it ap- 
pear to be universal, we can conceive a substance 
without gravity, which, nevertheless, should possess 
extension^ impenetrability, and mobility. 



\6,Bj 



INTRODUCTIOK. 7 

16, By the Impenetrability of body is meant, 
that no two particles of matter can at the same 
time occupy the same identical portion of space. 

If bodies could compenetrate, all matter might be 
united into any space, however small, or it might 
be all annihilated. — ^MuschekbroeKj Introd, a^/t 
FkiL Nat. vol i. §81. f 

The bodies that yield to pressure, and those that io 
not, serve equally to prove the impenetrability of 
matter. — Boscovich, Thmria PhiL Nat. § 4L 

!7» Body, being extended, is divisible without 
limit, or, aa it is usually cdled, ad bijlmlum^ sup- 
posing that the instrument's of division are mere 
mathematical lines or points. 

It is easily proved, on the supposition just mentioned, 
that the extension of lines ad iiifiniium^ and their 
diviiiibility ad injlnitum^ are necessarily connected 
with one another. 

18. The actual division of body into parts, m 
the parts must be of a finite magnitude, must ne- 
cessarily be limited ; it is, nevertheless, capable of 
being carried to such extent, that the parts shall 
t)e of incredible minuteness. 

We liave examples in the gilding of silver-wire, in the 
propagation of odours, in the colours produced by 
chemical solutions, &c.— Rkaumur, Mem. Acad, 
iea Sc. 1713, p. 204 Botle de mird Suhliliiaic 
t^ffluuiorum, Muschenbrock^ ubi supray § 72, 



a4 



19. All 
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19. All bodies arc inclosed by one or more boun- 
daries, and therefore possess figure ; they have al- 
so the capacity of receiving an indefinite variety 
of figures. 

Bodies differ in their capacity for receiving and inain<p 
taining different figures. 

Some receive new figures with difficulty, byt main- 
tain them easily. Such are the bodies usually 
called solid. 

Others receive any figure easily, but cannot maintain 
it without the assistance of other bodies. Fluid 
bodies are of this kind. 

Many bodies have figures that in their natural state 
are peculiar to them. This is the case not only 
with plants and animals, but with certain mineral 
and chemical productions called Crystals, usually 
bounded by plain surfaces. 

20. Motion, of which all bodies are susceptible, 
is the continued change of place. 

21. It is a general law in the material world, 
that no body loses motion in any direction, with- 
out communicating an equal quantity to other bo- 
dies in that same direction ; and conversely, that no 
body acquires motion in any direction, without di- 
minishing the motion of other bodies by an equal 
quantity in that same direction. 

What relates to the motion of bodies, will be consi- 
dered more fully hereafter ; it is mentioned here 

merely 



INTRODUCTION. 9 

merely for the sake of order, as being part of the 
definition of body. 

22. The force with which the parts of bodies re- 
sist any endeavour to separate them is called cohe- 
sion. 

We may conceive a body to be made up of an assem- 
blage of small indivisible particles or corpuscles ad- 
hering to one another, with forces that are greater 
as the distance of the particles is less. These cor- 
puscles are called the elements of body. 

Hardness, softness, tenacity, fluidity, ductility, are 
modifications of cohesion. 

Smooth surfaces may be made to cohere, by bringing 
them very close to one another ; but, 

In general, cohesion cannot be produced between two 
bodies but by the intervention of fluidity. 

Cohesion is not a general property of body ; it does 
not belong to elastic fluids, which are kept together 
by pressure or by gravity. 

23. All bodies at the earth's surface, if left to 
themselves, descend in straight lines towards that 
surface. This tendency or disposition to fall is 
called weight. 

The weight of a given body may be employed to mea- 
sure the weights of aU other bodies. 

24. The directions in which bodies fall in 

different 
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different places of the earth, tend nearly to the 
centre of the earth. 

At points not very far from one another on the sur- 
face, the directions in which bodies gravitate are 
nearly parallel, the distance of the earth's centre be- 
ing great in respect of the distance of the bodies 
from one another. 

If the distance is a nautical mile, or 6118 feet nearly, 
the angle made by the directions of gravity *is one 
minute ; if 60 of those miles, it is a degree, &c. 

A plane at any place perpendicular to the line in 
which bodies gravitate, is called a horizontal plane ; 
and any plane passing through that line is called a 
vertical plane. 

25. If we conceive the weight of bodies to be 
produced by a force applied to each of their efe- 
mentary particles, urging it downwards, this force 
is called gravity. 

Gravity must be distinguished from Weight: the 
^/freight of a body is the product of the gravity of a 
single particle by the number of particles. Thus, 

If W be the weight of a body, g the gravity of 
a single particle, N the number of particles, 

. WzzNxg^. 

26. In all bodies the force of gravity is the 
same. 

This is proved by the feet, that all bodies, whatever 
be their weight, fall at the same rate to the ground, 
when the resistance of the air is removed. 

27. The 
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27. The weights of two bodies are to one ano^ 
ther as the quantities of matter in those bodies. 

Let W and W be the weights of two bodies M and 
M', their quantities of matter. 

The quantity of mattei in a bodj is called its mass. 

28. All bodies have empty spaces disseminated 
through them in the form of pores, more or less 
minute. This property of bodies is called poro^ 
sity. 

In solids the pores can be seen sometimes by the na* 
ked eye, and almost always by the microscope. 

Xn fluids the dissemination of vacuity through the 
mass is proved by experiments, though it is not 
perceived by the eye. — Muschenbroek, § 91. 
NO. a 

The ratio of the quantity of matter to the quantity of 
empty space contained within the superficies of any 
body is wholly unknown. 

It is probable^ that even in the densest bodies, the 
quantity of solid matter is very small, compared 
with the quantity of empty space. Newton's Op^ 
tksy Book II. Part iii. Prop. 8. 

From the porosity of bodies, it follows, that the par- 
ticles of matter can only touch one another in a 
few points. 

29. If 
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29. If in two bodies, of which the bulks are B 
and B^, and the weights W and W^ the weights 

W B' 
be proportional to the bulks, or -— ■ =z -^, the 

space occupied by the pores of these bodies bears 
the same proportion to that which is filled by solid 
matter. • 

Bodies of this kind are said to have the same den- 
sity. 

30. The weight of a body divided by its quan- 

W 

tity of matter, or -nc--, is called the specijic gravity 

of the body. 

The weight of a body, in strictness, cannot be divided 
by its bulk, the two quantities being dissimilar, and 
incapable of comparison. But if we express the 
bulk of all bodies numerically, by referring them to 
the same unit, a cubic inch for example ; and the 
weight of all bodies, by referring them to a similar 
unit, the weight of a cubic inch of water, any 
number in the first series may be divided by the 
corresponding number in the second : the quotient 
wiU be the specific gravity of the body to which the 
numbers belong. 

Hence the specific gravity multiplied by the bulk, 
gives the weight ; or if S is the specific gravity, 
BXS=W. 

31. A 
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31. A fluid is a body so constituted, that its 
parts are all ready to yield to the action of the least 
pressure. 

32 Elasticity is a power by which a body, when 
its figure is altered by the action of any force, re- 
sumes that figure as soon as the force has ceased to 
act. 

Thi^ power is found botb in solid and fluid bodies. 

33. All bodies are subject, by expansion and 
contraction, to change their magnitude or volume 
according to certain laws, and within certain li- 
mits. When expanding, they produce in us (un- 
der certain conditions) the sensation of heat ; and 
when contracting, the sensation of cold. They 
are therefore said to become hot, or to acquire heat 
in the former case, and to become cold or to lose 
heat in the latter. 



34- Certain minerals have a power of attracting 
iron, and of communicating to pieces of that me- 
tal the power of attracting and repelling one ano- 
ther. The power thus communicated is called 
magnet ism. Bodies having magnetism have also a 
tendency, when left free, to point toward a cer- 
tain quarter of the heavens. This is called /wZti- 
rity, 

Magnetism is a permanent quality ; it is peculiar to 
iron and its ores. 

35* Some 
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35. Some bodies acquire by friction the power 
of attracting and repelling certain other bodies. 
This power is called electricity* 

36t The chemical action of metallic substances J 
on one another, produces a like tendency in bodies | 
communicating with those substances according to 
a certain rule. This is called galvanism. 1 

The four properties or powers last mentioned agree 
ill this peculiarity, that they are communicated 
from one body to another by mere apposition with- ' 
out any \isible admix turCj, or transfusion of sub- J 
stance. In this they differ from all the properties 
of matter yet known. Whether a passage of some 
invisible substance from the one body to the otlier^ 
^ is not to be inferred in such instances^ will hereaf^v 
ter be considered. 

The properties of matter above enumerated, require 
the science which treats of body to be divided into 
different branches. As the action of bodies on one 
another generally involves motion^ the consideration 
of that power constitutes one of the main objects 
of natural philosophy. The doctrine which treats 
of it is, however, modified by the nature and con- 

!.»'• ' stitution of the bodies to which it is communicated, 

1 

S7* When bodies are free to obey the impul- • 
ses communicated to them, the science which treats 
of tlieir motion is called dynamics* I 
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Dynamics is tlie most elementary branch of the doc- 
trine of motion, and the most general in its princi* 

pies. 

As there is here no question concerning the figure of 
the moving bodies, we may abstract entirely from 
the consideration of it, and treat of the bodies as if 
their matter were concentrated in mere physical 
points. The term Dynamics signifies literally the 
doctrine of powtr, power or force being known to 
lis only as the cause of motion, and measured by the 
motion it produces, 

38. When bodies, whether by external circum- 
stances, or by their connection with one another, 
are not left at liberty to obey the impulses given, 
the principles of dynamics must receive a certain 
jBiodiftcation before they can be applied to them* 
I'he science of dynamics, thus modified, is called 

MECHANICS. 

According to this distinction, the motion of a body 
falling freely to the ground belongs to Dyna- 
mics ; the motion of the same body descending on 
an inclined plane belongs to Mechanics, &c. 

The doctrine of Machines belongs to mechanics;' for 
in every machine, the connection of the parts pre-^ 
vents them from immediately obeying the impulses 
received. 



S9, When 
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39. When the bodies to which motion is com- 
municated are fluid, another modification of the 
principles of dynamics takes place, which consti- 
tutes the science of hydrodynamics. 

In each of these three sciences, there are cases in 
which the forces conceived to act balance one ano- 
ther, and produce not motion, but rest. These 
cases in dynamics and mechanics constitute a parti- 
cular branch, to which the name of statics has been 
ffven. The similar cases in fluids form the branch 
of hydrodynamics, called hydrostatics. 

Hydrodynamics is also subdivided, according as the 
fluids are incompressible^ like water, or elastic, like 
air. 
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Sect. I. 

' OF THE MEASURES OF MOTION. 

40. AV^HEN a body changes its place continually, 
it is said to move, or to be in motion. 

41. A moving body cannot pass from one point of 
space to another without passing through every in- 
termediate point ; that is, whatever be the path 
it describes, it must intersect all the planes that 
can pass any how in the interval between the two 
points. 

42. The ideas of Space and Time are both neces- 
sarily involved in the idea of motion. 

43. Time is conceived as a quantity consisting 

B of 
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ponsisting of part^ which can be compared with 
pne another. 

44. Two events which are determined by cir- 
pumstances precisely the same, are conceived to 
happen in equal portions of time. 

A stone will fall to the ground from a given height 
in the same space of time to-day that it did yester- 
day, or that it will do to-morrow, or at any future 
period. It is not necessary that the stone should 
be of the same weight,, for, as has been already pror 
ved, the weight of the faUing body ^oes not affect 
the time of its descent (26). It is on this proposition, 
generalized and applied to the vibrations of a pendur 
lum or a balance, that the going of a clock or watch 
is taken for a measure of time. 

Thus it is on the principle of the sufficient reason that, 
time is divided into equal portions. 

The imperfections of mechanism require, however, 
^ that our chronometers should be frequently check- 
ed by a comparison with the motion of the heaven- 
ly bodies. Here also we proceed on the prm^ile 
just mentioned ; but as the eircumstaaces that may 
influence the duration of the events are in this case 
not easily discovered, it has required the hi^^best 
improvements in science to derive an exact measure 
pf time from astronomical observation. 

45. Absolute time is that which is computed 

from 
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Irom the same momeilt ; relative time is that 
which is computed from diftereiit moments. 

The least portion of time that we can measure is 
about one-fourth or one-fiflh of a second ; yet, were 
we to trace the progress of nature minutely, a hun- 
dred or even a thousandth part of a second would 
be found distinguishable by great changes, 

46. The velocity of a moving body^ or the rate 
of its motion^ is said to be uniform^ when the lines 
it passes over (or, as it is usually expressed, the 
spaces it describes) in equal times, are all equal to 
one another. 

In measuring the velocities of bodies, it is convenient 
to take a certain portion of time for the unit, in 
terms of which all other portions of time are to 
be expressed. The unit here assumed is one se- 
cond. 



47- The space which a body moving with a uni- 
form velocity passes over in any time, is had by 
multiplying the time into the velocity, that is, by 
multiplying the number of seconds the motion has 
continued into the space moved over in one se- 
cond/ 

Hence if S be the space passed over in the time T, 
with the uniform velocity V, (all of them being ex- 
pressed numerically ), 

S = V X T. 

bS 48. In 
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48. In uniform motions, therefore, the velocity is 

S 

equal to the space divided by the time, or V = =• 

49. In uniform motions also, the time is equal 

S 

to the space divided by the velocity, or T z: —. 

In all these theorems T is expressed in seconds, and 
V in some^knewn measure of length, the same in 
which S is also expressed. 

50. The velocity of a body is sometimes estima- 
ted in a direction different from that in which it 

actually moves. 

\ 
Thus, (fig. 1.) if while a body B moves along the line 

AC, a perpendicular BD be continually drawn to 
the line AE, which makes with AC a given angle, 
the velocity with which D moves along A£ is called 
the velocity of B in the direction AE. 

51. The velbcity of a body movir^g in a given 
direction, is to its velocity estimated in any other 
direction, as radius to the cosine of the angle 
which the two directions make with one another ; 
or if V be the velocity of the body, fi the angle 
which the path of the body makes with another 
line, V cos is the velocity reduced to the direc- 
tion of that line. 

If 
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Tf S be the space described by the body in its own 
path, the space described by tlie peipendicular in 
the other line will be S cos g. 

Hence also if the velocity of the body in its own path 
b uniforiHj it will be uniform when reduced to any 
other direction. 

5S* The change which any variable quantity 
undergoes in an infinitely small portion of time, is 
called the Momentary Increment of that quan- 
tity. 

Thus if S is the space described by a moving body in 
the time t^ and if V be its velocity, supposed vari- 
able, at the end of the time f, if we suppose t to be 
Increased by an indefinitely small instant, the 
change of S and of V in that instant are called their 
Momentary Increments* 

The increments are denoted by the same letters that 
express the variable quantities, with a point over 

them. Thus S, V, T, are the momentary incre- 
ments of S, V and T. 

Though the variable quantities may decrease as well 
as increase, the momentary change is called an In- 
crement in both cases, but is accounted negative 
when the quantity diminishes. 

33, Though the velocity of a hody be variahle, 
it may at any point be taken as uniform for an in- 
definitely small portion of time, and the increment 
of the space will be, just as in the case of uniforiu 
B 3 motion 
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motion (47- )• equal to the velocity multiplied 
into the indefinitely small portion of time, during 
whibh the motion is supposed uniform. Thus, if 
S be the increment of the space, / the correspond 
ding increment of the time, and V tht vtlocity^ 

S = V / ; hence 

t 

These formnhe apply to motiofi of every kind, whe^ 
ther accelerated or retarded, and express generally 
the relation between the velocity, the increment of 
the space, and the increment of the time^ 

54. The quantity ef motion in a moving body is 
estimated by the product of the mass, or quantity 
of matter, multiplied by the velocity. 

The quantities of motion in two bodies are the same 
when their velocities are inversely as their mas-^ 

ses. 

if M and M' be the masses of two bodies, V ahd V 
their velocities ; if M : M' : : V : V, the quantities of 
motion are equal, for M • V IZ M' . V. 

66. When 



SS. When one body changes its place relatively 
to another, it is said to have a relative motion with 
respect to that other body. 

^wo bodies if they move trith equal velocities toward 
the same side^ in the same or in parallel lines^ will 
have no motion relatively to one another. 

If two bodies move with equal velocities in the same 
straight line, but in opposite directions, their rela- 
tive motion is the sum of their real motions ; if in 
the same direction, it is the difference of then: real 
motions. The same is to be said of their relative 
velocities. The use of the s^pis -f- and — brings 
the two parts of this and all similar propositions 
under one enunciation. 

A6. The path of Oiae fftovittg bbdy relatively to 
anothet is deteitnined, by supposing the latter to 
stand still in any point of its path, atid by inqui- 
ikig in what line the other must move, and with 
whait teloctty, so that it may a^pptoach to the for- 
ftiel- (supposed at test) or recede from it, at the 
same rate, and in the same direction, that it actu- 
ally does when they are both in motion. 



SECt. 
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Sect. II. 



FIRST tAW OF MOTION. 



57. A BODY must continue for ever in a state of 
rest, or in a state of uniform and rectilineal mo- 
tion, if it be not disturbed by the action of some 
external cause. 

If the body is at rest, it must remain at rest ; for if 
there is no action of another body, there can be no- 
thing to determine it to move in one direction more 
than in another. 

If the body is in motion, it wiU continue to move in 
the same direction ; for there is nothing to deter- 
mine its deflections to be in one line more than in 
another line. 

Lastly, it cannot change its velocity ; for if its velocity 
change, that change must be according to some func- 
tion of the time ; so that if C be the velocity which 
the body has at any instant, and t the time counted 
from that instant, V the velocity at the end of the 
time ty the relation Witween V, C, and t must be 
expressed thus, V = C + A t*" + B ^'^ +, &c. Now, 
there is no condition involved, in the nature of the 
case, by which the coefficients A^ B^ &c. can be 

determined 
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determined to be of any one magnittide rather tlian 
of any other ; each of them Ls therefore equal to 
0, and the equation is V =; C, so that the velocity 
remains constant* 

D'Alembert has given a different demonstration of 
tills, Di/namiquey chap. Irr. See also another by 
EuLER, MtckunicUj lorn. 1. § 63. 

This proposition is the first law of motion, and, to- 
gether with the proposition, § 21, constitutes what 
is termed the inertia or inactivity of matter. 

The inertia has been considered by some philosophers 
as merely the expression of a hiw of human thought, 
by which we are determined, when we see a change^ 
to infer the action of a cause. This is inaccurate. 
That a change never happens in the motion of any 
body, without an equal and ojiposite cliange in 
the motion of some other body, is as mucli a fact, 
independent of the mind that perceives it, as impe- 
netrability, cohesion, or any other phenomenon of 
the material world* 

If a body move in a curve, the continued action of an 
external force must be inferred : if that action were 
to cease at any point, the body would continue its 
motion in a straight line touching its curvilincal 
path in that point. 



58. The cause of motion is denominated Force, 
and a force is always measured by the effect, that 
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is, by the motion which it produces in a given 
time. 

Two forces are said to be represented by two lines, 
when the motions which they singly produce are in 
the directions of those lines, and proportional to 
them. 

59. Let a body at A (fig. 2.) be acted on by two 
forces at the same instant, one of which acting alone, 
would cause it to move uniformly over AB, in a 
given time; and the other acting alone, would 
cause it to move over AC, at right angles to AB, 
in the same time. The velocity of the body in 
the one of these directions, will not be changed by 
the force impelling it in the other. 

The velocity of a body in the direction of a line dif* 
ferent from its own path, h measured as explained 
(art. 51.) 

The demonstration of the preceding proposition iffi 
founded on the principle of the sufficient reason. 

60. If the lines which each of two forces, acting 
singly, would have caused a body to describe in 
the same time, be at right angles to one another, 
the line which it will describe in that time, when 
both the forces act on it at once, is the diagonal 
of the rectangle under the two first-mentioned 
lines. 



6K ir 
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Jh If the lines which each of two forces acting 
lingly would have caused a body to describe in the 
same time, make any angle whatsoever with one 
another, the line which the body wiU describe in 
that time, when both the forces act on it at the 
same instant, is the diagonal of the parallelogram 
under the two first- mentioned lines. 

This is the celebrated theorem known by the name of 
the COMPOSITION OF FORCES* The most remark- 
able demonstrations of it are by Dan. Bernoulli, 
Comment. Pttrop* tom. 1. ; D^Alembkrt, Opusculesy 
tom, 1. cinquLmt mcmoirc ; La Place, Meckam^ur 
edcMUi tom. 1. § 1. 



62. If two forces be represented by the 
lines a and A, which contain an angle i^z, 
the force compounded from them will be 

Sf a'^ + ^a*b cos z -^ b^: for this is the diagonal 

which, in a parallelogram having the sides a and 
bf and the contained angle jr, subtends the supple- 
ment otz. Also the sine of the angle which this 



diagonal makes with a, is ^ 



a sin z 



d being put 



for the diagonal, or sf a^ + 2 a 6 cos + **, 



6S. If 
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63. If three forces which impel a body at the 
same time, be proportional and parallel to the three 
sides of a triangle, so that the angle contained by 
any two of them is the supplement of the angle 
contained by the corresponding sides of the 
triangle, these forces will be in equilibrium. 

The converse of this is also true, viz. that if the three 
forces are in equOibrium, they are proportional to 
the sides of a triangle, &c. 

When three forces are in equilibrium, any two of 
them is greater than the third. 

If three forces are in equilibrium, they are all in the 

same plane. 



ff4. If there be an equilibrium between three 
forces, AB, AC, AE, (fig. 3.) and if from any point 
F, in the direction of one of them, perpendiculars 
FG, FH, be drawn to the oilier two, these peu^ 
pendiculars will be inversely as the forces AC, AB, 
on the directions of which they fall. 

For if FC^ FB are drawn, the triangles FAC, FAC 
on the same base AF, and having equal altitudes, 
are equal. Therefore FG X AC — FH x AB, or 
FG:FH::AB:AC. 

65. If three forces are in equilibrium, and if 
perpendiculars be drawn to the other directions, 
intersecting one another in three points, the sides 
of the triangle so formed wHl be proportional to 

the 
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the forces, to the directions of which they are per- 
pendicular. 

66, If any number of forces act on a body, pro- 
portional to the sides of a rectilineal figure, and 
also parallel to them, in such a manner that the 
angle which the direction of each force makes 
with that of the contiguous force, be the supple- 
ment of the angle which the corresponding sides 
of the figure make with one another, these forces 
will be in equilibrium. 

This proposition is true, whether the sides of the rec- 
tilineal figure be all in one plane or not. If they 
inclose a space, that space may be extended either 
in two or in three dimensions. 

67. If there be an equilibrium among any num- 
ber of forces, which are ia diflerent planes, but ap- 
plied to the same point ; if, through that point, 
three straight lines, or axes, be drawn at right angles 
to one another, (one of them in a plane perpendi- 
cular to that of the other two), and if every force 
be resolved into parts in the directions of the three 
axes, then shall the sums of the opposite forces, in 
the direction of each axis, be equal to one ano- 
ther. 

This theorem furnishes three independent equations. 

If F, F', F^ F'", &e. be the forces ; a, a\ a% it'\ &c. 
tlie angles which they make with one of the three 

axes; 
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axes ; fi, ffy j3^, ff'\ be. the angles which thej mAm 
with another of the axes, and y, y , >^, >''', be. tii9 
angle which they make with the third, 

Fcosa + F'cosa' + F^cosa^ + F'^'coso''' +, &c. = 
Fcog/3 + F'cos0' + F^co8^ + F'''co8f:,'"+, &C- =rO 
Fcofiy + P cos/ + F^cosy^ + F'"cos /'' +, &c. = 

When all the forces are in one plane, there are onty 
two axes, and the equations are therefore reduced 
to the two first. Also as is in this case the ciMn* 
plement of a, cos0=:8ina, and so of the rest; 
therefore the equations are 

F cosa + F'cosa' + F^cosa^ +, ic. := 
and Fsina + F'sino' + F^sina^-f, &c^9 



Sect. 
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Sect. III. 



COMMUNICATION OF MOTION BY IMPULSE, 



68. The action and reaction of bodies on one 
iwiother are equal. 

This is usually termed the second law of motion. 
When expressed more precisely, it involves two di- 
stinct propositions. 

1. When motion is communicftted by eollision or im- 
pulse, the quantity of motion gained by the one 
body in any direction, is just equal to that which U 
lost by the other in the same direction. 

S. When motion is communicated without apparent 
contact, as in the case of gravitatiop, and of the phe- 
nomena ascribed to attraction or repulsion, the 
quantity of motion gained by the one body is just 
equal to that which is gained by the other, but in 
an oppQsite direction. 

The first of these propositions, involves in it the 
first law of motion, and when so understood, it pro- 
perly expresses what is called the inertia op body. 
Like the first law of motion, it follows necessarily 
from the impenetrability of body. 

The second proposition is only known to us by expe- 
fience, 

The 
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The demonstration of the first depends on the follow- 
ing theorem. 

69. If two bodies meet with velocities that arc 
inversely as their masses, and directly opposed to 
one another, there will be an equilibrium. 

If the bodies are equal, and have equal velocities, the 
proposition, is evident. 

If A be double of B, but have only half the velocity 
of B ; then A may be divided into two parts equal 
to B, each of which will have half the velocity of 
B. One of these striking against B, would destroy 
half its velocity ; and the other striking against it, 
would destroy the other half. / 

The same is true whatever multiple the one body be 
of the other, and therefore also whatever ratio the 
one bear to the other. — Vid. D^Alembert, Dyna^ 
miqutj § 46. p. 51. . 

Hence bodies that have equal quantities of motion, 
have equal forces, or equal powers to produce mo- 
tion, 

70. If A and B be the masses of two bodies that 
move in the same straight line toward the same 
parts with the velocities a and b ; and if A and B 
are hard or soft bodies, so that after collision they go 
on together, and if t? be the velocity after collision, 

Afl + BA 

If 
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If i is negative, so that the bodies meet one another, 

Aa — Bi 
the velocity after collision or v = — ^ . g ; and 

if A a =z B i, the velocity after collision is nothing, 
as before demonstrated. 



When the bodies are equal, these two formulas be- 
come 



^1 and £n^. 



2 2 

A a 



If B is at rest, or 6 z= 0, the formula is v =: -. , ^ - 

If B is an immoveable obstacle, it may be considered 
as a body that is infinite in respect of A, so that 
the denominator A-}-B is infinite, and therefore 

71. If A overtake B, the velocity lost by A is 

, — ^ , P ^ ; and the motion lost by it is . \ j. ; 
A-f"15 A-|-J5 

the velocity gained by B is • 1^ Tg > and the 

' A u '. ' AB(a — b) ^ 
motion gained by it is — . , ^^ -, the same that 

was lost by A. • 

When B meets A, h becomes negative, and so 

the velocities gained or lost, are — \:^ .^ 9 

A + B 



A((z 4- V) 
A+B 



72. If 
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72* If the two bodies before collision move in 
lines making a given angle with one another, their 
path after collision may be found, on the principle^ 
that there is no change made iti the total quantity 
of the motion of bodies by their action on one ano- 
ther, in whatever direction their motion be estima- 
ted* 

If AC (fig, 4v) represent the velocity and direction of 
the motion of A, BC the velocity and direction of the 
motion of B, before collision ; CG their joint path, 
and their velocity after collision : Let BD and GF be 
perpendicular to AC ; then, because the quantity of 
motion in the direction AC remains the same, and 
also in the direction BD, we have the equations, 

A.AC+9, DC=r(A + B)FC; and 

I. B. BD = (A + B) FG. Hence CG may 

Be found. 

73. When the bodies between which the collision 
takes place are elastic, that is, when they are such, 
that, after suffering an alteration in their figure by 
collision, they resume that figure with a force that 
makes them separate from one another ; the result 
is considerably different from the preceding. A 
body is said to be perfectly elastic, xvhen, in resto- 
ring its figure, as much motion is produced, as was 
destroyed in altering it. 



74. If 
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74. If A and B are two perfecdy elastic bodies, 
moving with the velocities a and & in the same di- 
rection, so that A overtakes B^ the velocity of A 



after the stroke is 



c T> 2 A^ — A i + BA 
"^ ^^ A + B ' 



A+h 



and that 



or 



Bb — Ab + QAa* 

A + B 



The investigation tiirns on this ; that the body which 
overtakes the other must lose twice as much velow 
city as if it were hard ; and the other gain twice as 
much- 

If the bodies move in opposite directions, one of the 

vdocities, a5 &, must be made negative. 

If the bodies are equal, thfe velocity of A after the 
stroke is =.b^ and that of B is equal a, .The bodies 

therefore exchange velocities. 

When the velocity of either body, after collision, 
comes out negative, we are to understand its direc* 
tion to be contrary to that which is accounted af- 
firmative. 



75- The difierence of the velocities of two per- 
fectly elastic bodies, is the same before and after 
collision ; but the body which had the greatest ve- 
locity before colliiiion, has the least after it. 

If A and B be the masses of the bodies, a and b 
their velocities before collision, a* and i' their 
velocities after it; a ---^ b = h' ^— a\ Hence, also, 
u-f a' =:& + &'. 

c 2 Hencf*^ 
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Hence, too, the relative motion of the bodies is not 
changed by their collision. 

76. In perfectly elastic bodies, the sum of the 
products made by multiplying each of the bodies 
into the square of its velocity, is the same after 
collision that it was before it. 

For as the quantities of motion before and after col- 
lision are*the same, (68,) 

Aa-l- B6 = Aa' + Bi', 

or A (a— a') =:B(b'—b); 

and since, a + a' = 6' + &> 

therefore A (a''— a'') = B (b''—b% 

or A a* +Bi^=rAa'^ + Bb'\ 

See another demonstration, Maclaurin''s Account of 
Newton^s Discoveries^ Book n. chap. iv. § 12. 

77. If between two unequal elastic bodies A and 
C, a third B be interposed ; and if the least A, be 
made to strike with any given velocity on B, the 
motion communicated to C will be the greatest 
possible, when B is a mean proportional between 
A and C. 

It is easily shewn, from § 74. that the velocity com- 
municated to C is = 

4ABa 4Aa - 4Aa 



(A + B) (B + C) - (A^jJ (B + C)- A + B + ^T^- 

This 
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This fraction is a maximum, when the denominator 

AC 

A + B -|- -^ + C is a minimum^ that is, since 

A tmd C are given, when B* =z AC, or when B is a 
. mean proportional between A and C. 

The velocity of C is - A + gtAC-hC 

^ and the motion. of C 



(v^A + vcr 

_ 4 ACa 

If the number of the bodies in geometrical progres- 
sion be increased without limit, the quantity of 
motion communicated to the last, from a given 
quantity of motion in the first, however small, may 
also be increased without limit. Notwithstanding 
this, as all the bodies move backward after collision 
but the last, if they form an increasing series, the sum 
of all the motions in the direction of the first mo- 
ver continues = A a. Also the sum of the pro- 
ducts of each body, into the square of its velocity, 
after collision, remains as it was before, equal to 
Aa\ ' 

78, If an elastic body strike against an im- 
moveable plane, it will be reflected from it, so 
that its direction before and after collision will 
make equal angles with the plane, but toward op- 
posite sides. 

c3 If, 
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If the elastic body strike on the pUne CD (fig. 5.) in 
the direction AB> it will be reflected in the di- 
rection BE, so that the angles ABC, EBD shall be 
equal. 



79- If two elastic spherical bodies A and B, (fig. 6.) 
moving in directions, and with velocities represent- 
ed by the lines AA' BE', come into contact at A'^ 
B', and if A'B' be the line which joins their centres 
at that moment : Then if the velocity of A be re- 
solved into two, AC, A'C, the one perpendicular] 
to A'B^ and the other parallel to it ; and if the ve- 
locity of B be resolved in like manner into BD> 
B'D» after collision A will retain the velocity re- 
presented by AC, and B that represented by BD 
unchanged;' Ijtit the velocitiel AC. BD^ will be -, 
changed by the collision, into others which may 
be found by article 74, and if these be a' and b' ; 
then the path of A after the stroke will be the 
diagonal of a rectangle under A'£ (= AC) and a', 
and the path of B the diagonal of a rectangle un- 
der BT (= BD) and b\ 

Thus the paths of the bodies after collision are deter- 
mined, 

80 If the bodies are imperfectly elastic, that is, 
if, in restoring their figures, they do not generate 
velocities equal to those which were destroyed in 
altering them, their motions after collision are not 

the 
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the same that are here determined. They may 
be investigated, however, on similar princi- 
ples. . 

When the bodies are imperfectly elastic, the sum of 
the products of bodies into the squares of their ve- 
locities does not , continue the same after collision 
that it was before it. The quantity of motion, 
however, estimated in a given direction, remains 
the same in every case. 

There is another law that extends to the collision of 
all bodies, whether elastic, unelastic, or imperfect* 
ly elastic. It is, that if each body be multiplied 
into the square of the change that has taken place 
in its velocity by the collision, the sum of these 
products is a minimum ; that is, using the prece- 
ding notation A (a — aO* + B (6 — b'y is the least 
possible, or is less in the case which actually takes 
place in nature, than if the differences between a 
and a', b and 6', were other than they are. This 
law was discovered by Maupbrtuis. It is not de- 
monstrated from principle, but is collected from the 
preceding propositions by induction. 



c 4 SEcy. 
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Sect. IV. 

OF MOTION EQUABLY ACCELERATED OR RE- 
TARDED. 

81. W^HEN the motion of a body varies either 
in direction or velocity, as this cannot arise from 
any thing in the body itself, it must be ascribed to 
the action of an external cause or force. 

The simplest case is, when the direction remains the 
same, and when the velocity only varies. 

82. When the velocity of a body changes, the 
cause of that change is called an accelerating or 
retarding force, and is measured by the change of 
the velocity produced in an indefinitely small por- 
tion of time, or by the increment of the velocity 
divided by the increment of the time. 

If F be the accelerating force, v the momentary in- 
crement of the velocity, t that of the time, 



F = "L. 



Hence also » = F<, and t==^'. 



It 
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It has been disputed, whether this expression of the 
force be a necessary truth, or one known only from 
experience. D'Alembert, Elemens dt Phil. Melan^ 
gesy torn. 4. p. 197. It seems, however, to be in fact 

. a definition, or an assumption, and not a theorem. 
We have no distinct idea attached t6 the word force, 
which we can compare with that which is conveyed 

by the formula -' in order to see whether there is a 
t 

necessary agreement between them or not. Therefore 



that F = -r is^ not a theorem. But as the quanti- 



ty 7- is of great importance, and frequent recur- 
t 

rence in mechanic^ investigations, it is conve- 
nient to have a term to denote it. Though 
any term might be employed for this purpose ; 
yet as the thing called force, is conceived 
to be always greater, the greater the change 
of velocity which it produces in a given time, 

or to increase and diminish with 7-5 we. may, with- 
out diverting the word force from its usual signi- 
fication, employ it to denote the quantity -, or 

t 

the momentary increment of the velocity divided 
by the corresponding increment of the time. The 

word 
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word Force has in reality, in dynamics, no other 
signification than this ; the one may be everywhere 
substituted for the other, and an entire treatise a£ 
dynamics might be written, in which the word 
Force would not once occur. 

Retarding Forces are here included under the bead of 
Accelerating Forces, as the same force may accele- 
rate or retard, according as the velocity of the mo- 
ving body is in one direction or in the ppposite. 

83. If a body be continually urged by the same 
accelerating force, in the same direotion, its mo- 
tion will be uniformly accelerated, or its velocity 
will increase pro-'ortionally to the time. 

The momentary increment of the velocity will be al-r 
ways the same, from the definition of accelenu* 
ting force ; and as none of the velocity ever acqui* 
red can be lost, by the first law of motion, there- 
fore, it increases continually at the same rate. 

This is applicable particularly to the case of bodies 
falling by their gravity to the earth. The descent 
of these bodies, their velocity being found to in- 
crease uniformly, affords a direct and experimen- 
tal proof of the first law of motion. 

The propositions that follow are all immediately ap- 
plied to falling bodies ; but they are equally a[^- 
oable to all rectilineal motions produced by the con- 
stant action of the same force. 

84. If 
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84. If the velocity which a heavy ^ody falling 
from rest, acquires in the first second of its motion 
be called g, then after any time t, v \t% velocity 
will be ^ X ^ ; and if s be the entire space througli 
which it has descended, 2 g" j =^ x?\ 

Since v = gtf and therefore v^ =g^ i\ 

iigs=gU\ or ^ = igt\ 

Hence if f = H, and if s^ he the space fallen tlirough 
in one second, g = 2s* ; or the velocity is equal to 
twice the space fallen through in one second. 

The space through which a body falls in the first se-* 
cond of time is sixteen feet and one inch nearly, 
and therefore ^ = 3S.|. nearly. 

85. If the velocity acquired by a body falling 
from rest, were at any point to become uniform, 
it would carry the body, in an equal time, over 
twice the distance ^?hich it has actually fallen 
through- 

86. If a body be projected directly upwards 
with any velocity c, its motion will be uniformly 
retarded, or it will lose in every second a velocity 
equal to g, the velocity generated by gravity in a 
second. 

After the time ?, the velocity of the body is c-^ig; 
and the time at which the body reaches its greatest 



height where v — 0, is -. 



1 



87. The 
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87. The greatest height to which a heavy body 
can ascend, when projected directly upwards with 

the velocity r, is -3—, the same height from which 

it must have fallen to acquire the velocity c \ and 
in all points, both of its ascent and descent, the re- 
lation between the time and the height h is ex- 
pressed by the equation ' 

{c^gtyz2(j^--h)2g, or 

c — gt =fs/c' — Qgh. 

c 1 / 

This equation gives e = - ±-yc* — 2gh The 

o o 

reason why two different values pf t correspond to 
the same value of h is, that the body is at the same 
height at two different times, one in its ascent, and 
another in its descent. 

2c 
The sum of the two values of t is — » or twice the 

g 
time of the ascent. 



The difference between them is - fJc^ — 2gh 



g 



88. If two bodies A and B, of which A is 
the heavier, be suspended over a pulley move- 
able 
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able kbout a fixed centre, A will descend, and will 

A — B 

be accelerated by a force proportional to . - p » 

or to the difference of the weights divided by their 
sum. 

If the natural force of gravity be expressed by g^ the 
velocity which it generates in a second ; then the 

A — TK 

acceleration of the bodies will be -r — ^- x ^• 

' A 4- JtS " 

We may therefore diminish the intensity of gravita^ 
tion at pleasure, or produce an accelerating force 
less than the force of gravity in any assigned ra- 
tio. 

It is on this principle that Mr Atwood's machine, for 
reducing the theory of accelerated motion to the 
test of experience, is contrived. 

The acceleration of falling bodies was discovered by 
Galileo, Dialogo m. de Motu locally Opere^ torn. 3. 
p. 98. edit. Padova, 1744. 



Sect. 
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Sect. V. 



MOTION OF PROJECTILES. 



89« If a heavy body be projected in the direction 
of a straight line^ not perpendicular to the horizon, 
it will describe a parabola situate in the vertical 
plane passing through that straight line, and having 
its axis perpendicular to the horizon. 

The straight line in the direction of which the body is 
projected, touches the parabok in the point of prd^ 
jection. 

Gravity is here supposed to have its intensity and its 
direction the same at all points^ within the range of 
the same projectile. We also abstract from the re- 
sistance of the air. 

The perpendicular height of the directrix of the para- 
bbla above the point of projection is ~— . 

This proposition was discovered by Galileo, and 
demonstrated, Dialogo iv. de Motu Projectorum; 

90. If from the point of projection there be ta- 
ken upwards, in a vertical line, a part equal to 

— , (c being the velocity with which the body is 
9g 

projected,) 
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projected,) the directrix of the parabola described 
by the projectile will pass through that point ; and 
the velocity of the projectile in every point of its 
path, will be the same that it would have acqui- 
red by falling freely from the height of the direc- 
trix. 

All the parabolas described by bodies projected from 
the same point, and with the same velocities, 
though with different elevations, have the same di- 
rectrix ; and have their foci in the circumference of 
the same circle. 

91. If a body be projected with the velocity c, 
and in a direction that makes an angle E with the 
horizon, the distance at which it will strike the ho- 
rizontal plane, (or what is called its horizontal 
range), will be equal to twice the perpendicular 
height to which it would be carried by its initial 
velocity, multiplied into the sine of double the 

angle E ; or = — . sin 2 E. 

Hence the greatest horizontal range is,' when the di- 
rection of the projectile makes an angle of 45o with 
the horizon: Also with respect to every other 
range, there are two angles which will give the 
same range, the one as mu.ch less than 45o as the 
other is greater. 

93. The 
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92. The greatest altitude above the point of pro- 
jection, to which a projectile can ascend, is equal 
to the height corresponding to its initial velocity, 
multiplied into the square of the sine of thexleva- 

♦ c* . 
tion, that is, to - — sin E\ Also the time of its 

flight from the moment of projection till it strike 
the horizontal plane passing through the point of 

,2c 
projection, is — x sin E. 

The greatest height to which the projectile ascends is 
therefore as the square of the velocity, multiplied 
into the square of the sine of the elevation ; and 
the time of the flight is simply as the velocity, mul- 
tiplied into the sine of the elevation. 

93. The greatest distance to which a projectile 
can go in the direction of any plane whatever, 
passing through the point of projection, is when 
its direction bisects the angle which the given 

plane makes with the vertical. 

ff 

94. The points of greatest distance at which a 
projectile, thrown with a given initial velocity, 
v/ill strike the different planes in the last proposi- 
tion, are all in a parabola given in position. 

This 
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TinB parabola has. its axis perpendicular to tiie hori* 
son, and touches all the parabolas described by the 
projectile, when thrown in the same vertical plane, 
and with the same velocity, but at different eleva- 
tions* 



Sect. VL 

of motioir accelerated or retarded by a 
variable force. 



95. The changes of motion, whether in velocity 
or direction, are always made gradually, and ne- 
ver, as it is expressed, per saltum. Though they 
may not, like those treated of in the last section, be 
exactly proportional to the time, they are always 
proportional to z Junction of the force and the 
time jointly, which function vanishes when either 
the time or the force is equal to nothing. This 
follows from the fundamental equation of Dyna- 

mics, F rr ; or v ir F f . 

t 

The above is called the law of continuity, which, in 

what respects free motions^ is never violated. This 

n conclusion 
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conclusion agrees perfectly with all the instances uf 
which accelerated or retarded motion can be traced 
by the senses, and therefore we might conclude, 
even from analDg}% that it holds in those cases 
where the progress of acceleration escapes observa- 
tion. When a ball, from bebg at rest, issues al- 
most in an instant from the mouth of a cannon, 
^ith the velocity of 1800 feet in a second, it 
IS not to be imagined, that it has acquired the 
whole of that velocily, or any part of it, sud- 
denly, and without tlie lapse of time. Could we 
divide time into small enough portions, and did we 
perfectly understand the Law oi" the Force produ- 
ced by the inflammation of gun-powder, we should 
be able to determine the point of time, and the place 
in the interior of the gun, at which the ball had any 
assignable velocity from to 1800 feet per second ; 
when, for instance, it had a velocity of one foot per 
second ; of two, of 100, of 1200, Sec, The same holds 
of the direction of motion ; a body from moving in 
one direction, does not come to move in another, 
without describing a portion of a curve, and taking 
in its motion every possible direction from the one 
to the other. 

The notion of the continuity of motion seems first to 
have occurred to Galileo. Leibnitz introduced it 
as a leading principle in his philosophy, and he 
proved the necessity of it by a metaphysical, but 
conclusive argument. If a body receive an in- 
crease of its motion without the lapse of time, 
then the same body, at the same indivisible instant, 
is in two different states, which is impossible. If, 
for instance, it is at the beginnhig of the motion 

that 
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that the saltm is made, the body is at the same in 
stant both at rest and in motion, 

96. Let AB (fig, 70 be a straight line, along which 
a body is accelerated by forces directed from A to 
B ; let the perpendicular AD be equal to the velo- 
city which a body, accelerated by the force at A, 
would acquire in one second ; and let D EF be a 
curve so related to AB, that at any point whatever 
C, the ordinate CE may be to AD as the accelera- 
ting force at C to the accelerating force at A ; 
then, if the body begin to descend from rest at A, 
the square of its velocity at any point C, is double 
of the curvilineal area ACED- 

For, by the construction, CE is proportional to the 
force at C = -Ts V being the velocity which the mo- 
ving body has acquired at C, and If the time of the 
descent from A to C. Now C c is the momentary 

increment of AC the space, and is therefore — v t; 

therefore, CE X C c = vvy and 2 CE x ^^ = 

2vv. But CE X C c is the momentary increment 

of the area AC ED, and 2 v v is the momentary 
increment of l^ ' ; therefore the square of the veloci- 
ty of the moving body, and twice the area of the 
cur\e ACED, increase at the same rate, and begin 
to exist at the same time; t!ierefore they are equah 
Newton'b Frincip, Lib. i. Prop, 39. 

© 2 11 
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If the body begin to move from A with a certain ve- 
locity, then the difference between the square of itji 
velocity at C and at A is equal to twice the area 
ACED. 

In liie manner, if the body be projected upward witli 
a given velocity, the diflference between the square 
of the initial velocity, and the square of its veloci- 
ty at any point C, wilt be double of the area BCEP ; 
and if the motion of the body be destroyed when it 
has ascended to a certain point A, the square of 
the initial velocity \^?ill be double of the area 
BADI\ 



97' If a body be accelerated or retarded by any 

number of forces acting in succession, and each 
continuing its action while the body moves over a 
certain distance , the sum that is made up by mul- 
tiplying each of these forces into the distance over 
which it acts, and adding those products together, 
will be proportional to the difference of the 
squares of the velocities of the body at the begin- 
ning and end of the action of those forces, 

98. Hence if the body is accelerated from rest, 
the sum collected, as in the last proposition, will 
be as the square of the velocity acquired ; and if 
it be retarded or resisted till it come to rest, the 
sum will be as the square of the initial velocity. 

Thus if F, F', F", F"', &c, are the forces that act in 

the difitam:e9 or spaces 
over 




succession^ s^ ^^ s**, *" 
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tif^r which they act ; « the velocity at the begin- 
iiifig of the action, ^"' at the end of it. 

And if w"'^0, then 
F * + F' «' + F'' /' -h F'" «"' ^ u^ 



99. If the force which accelerates or retards in 
the last proposition, be uniform, the distanve to 
which the body will go before it acquire or lose a 
given velocity, will be as the square of that velo- 
city* 

On tills is founded that estimation of the /arce of mo- 
ving bodies, which is Icjiowu hy the imme of the 
VIS vrvA, and which makes that force proportional 
to the square of the velocity. The truth is, that 
the effect of a body in motion may be measured 
either by the dkianct it goes to, or hy the ihm that 
elapses betbre a resistance of uniform intensity re- 
duce it to rest. If the effect he measured in the 
first of these ways, it will be found to be as the 
square of the velocity ; if in the second, as the ve- 
locity simply. Both these measures may he con- 
sidered as coiTcct, and are not inconsistent when 
rightly understood. The former makes the effect 
F 8^ tlie latter F t^ retaining the significations al- 
ready given to these letters. The same term, 
liowever, ought not to be indiscriminately applied 
to two things so essentially difierent. It U most 
confoiinable to the use made of the word Force, 
in the fundamental investigations of Dynamics, to 
take the quantity F t for the measure of it, and 
D 3 thei'cfore 
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therefore to suj^ose it proportional to the velocity 
simply. This is the only way in whidi the 
langiiage of the science is^axk be rei>dered perfectly 
consistent and free from ambiguity. But as the dis- 
tance to which a body goes before a given resis* 
tance destroys its motion, is often an object of in- 
quiry, it may be proper to consider that distance as 
a measure of a certain power residing in the* mo- 
ving body. It has been proposed to distinguish 
this power by the term Impetus^ 

This part of Dynamics would lead to the considera- 
tion of Central Forces, but as this is a subject of 
some difficulty, and is most interesting when con- 
nected with astronomy, we shall defer treating of 
it till we enter on the explanation of the Planetary 
Motions, 
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Sect. I. 

OF THE CENTRE OF GRAVITY. 

100. If a bod J fixed to a plane be preserved in 
tquilibrio by a force having a given direction, and 
attached also to a given point in the plane, it will 
be kept in equilibrio by the same force, when at- 
tached to any other point whatever in the line of 
its first direction. 

Let the force be attached by a thread to a given 
point in the plane ; while the tension of the thread 
«nd its direction continue, the equilibrium must 
continue. Suppose, then, that any other point in 
the thread is fixed down to the plane, it is evident, 
that the tension of the remaining part will not be 
changed by that circumstance ; and therefore the 
equilibrium must remain. 

Carnot has given a different proof of this propo- 
sition. Principes de VEquilibrtj &c. § 77. 

d4 2. If 
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101. If two heavy bodies be fixed to a plane 
moveable about a given point, the bodies will be tit 
equilibria if that point divide the distance between 
them in the inverse ratio of their weights or quan- 
tities of matter. 

A demonstration of this propomtion may be dert. 
ved from the composition of motion, as is done bj 
Newton, Principia Mathemattcaj p. 16. and by Ha- 
milton, Philosophical Esaaysy p. 145. 

A different demonstration was given by Archimedes, 
and has been improved by Maclaurin in his ^c- 
count of NewtorCa Discoveries^ and by Vince in the 
Philosophical Transactions. See also Woou'^s jiff* 
chanics^ Art. 73, 

103. The effect of any heavy body to produce an 
angular motion in any system of bodies about a gi- 
ven qentre, is proportional to the product of the 
mass of the body into the perpendiculaf drawn 
from the centre to a vertical line passing throng 
the body. 

The axis of motion of any body is a straight line, 
which remains fixed whUe the body is free to re- 
volve round it. 

103. The product of any heavy body into its dis- 
tance, from a vertical plane passing through the 
axis of motion, is called the momentum of' the bo- 
{fy relatively to that axis; and in general^ if, 
through the axis of motion, a plane be made to 

pass 
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pass parallel to the direction of any force, the pro- 
duct of that force into its distance from the same 
plane is called the mommtimi of thejorce^ 



104. Any system of bodies being given, a point 
may be found, such, that if any plane pass through 
it, the sum of the momenta of the bodies on one 
side of the plane, relatively to the point foimd, 
shall be equal to the sum of the momenta of the 
bodies on the other side of the plane, relatively to 
the same point. 

The point thus found, is called the centre ofgravifi/ 
of the system. 

Every system of bodies, therefore, and every indivi- 
dual body, (as a body may be regarded as a system 
of particles or infinitely small bodies), has a centre 
of gravity ; and that centre remains thti same while 
the bodies retain their position relatively to one 
another^ however the whole system may change its 
place relatively to the horizon. 

105. In any body or system of bodies, if the centre 
of gravity be sustained, the whole will remain at 
rest. 

In other words, the body or system of bodies has no 
tendency to angular motion round its centre of gra* 
Tity. 

106. The distance of the centre of gravity of any 
system of bodies from a given plane, is ec|ual to 

the 
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the sum of the products of all the masses into their 
distances from the plane, divided by the sum of 
the masses. 

As a single body maj be regarded as a system of par- 
ticles, this proposition applies to such bodies, and is 
therefore universal. 

If the bodies be A, B, C, D, &c. and their perpendi- 



• 



eular distance from a given plane a, by c, d, &c. » 
the distance of the centre of gravity from the same 

1 Aa + BJ + Cc + Dd 

plane, 0.= A -f 5 -H C H- D ' 

107. The eflfect of any number of bodies t6 pro- 
rduce motion about a given point, is the same as 
if those bodies were imited in their common centre 
of gravity. 

108. When a heavy body is at liberty to move 
about a fixed point, it will not be at rest till its 
centre of gravity is either the highest or the low- 
est possible. 

A body cannot rest on any base, unless a perpendicu- 
lar to the horizon from its centre of gravity faU 
within the base. 

The centre of gravity of plain figures, and of solids, 
may be found by the foregoing propositions. A 
few of the simplest and most elementary of these 
problems may serve as examples. 

109. To 
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109. To find the centre of gravity of any number 
of bodies placed in the same straight line at given 
distances from one another. 

The centre of gravity is found by Art. 106. 

If the bodies are A, Bp C, D, and their distances 
from a given point in the straight line in which 
they are supposed to be placed, a, b, c^ d^ the dis- 
tance of their centre of gravity from the same 

«^;«f . A a + B i + C c -h D d 
P^^^ '' A-fB + C-l-I) ' 

If the bodies are on different sides of the point to 
which their distances are referred, those on one 
side being accouilited affirmative, those on the oppo- 
posite must be reckoned negative. 

110. Any number of bodies being given in posi- 
tion, to find their centre of gravity. 

The bodies must be referred to three planes given, in 
position, cutting one another at right angles, one 
of them horizontal, and, of course, 'the other two 
vertical. 

Let the bodies be A, B, C, and D, their distances 
from the given horizontal plane a, &, c, <{ ; their 
distances from one of the vertical planes a', i', c\ d'; 
and from the other a^, M^ cf\ d/'^ ; then if we take 

Aa + BJ + Cc-fDd ., , . 

* = A + B + C + D ^' ^^^ ^'"^'' ^^ Suavity 

of 
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€£ the system is in a horizontal plane at the dis 
tence x from the given horiisontal plane. 

Take also, . = I-f bXc + I) > ^^ ^ 

centre of gravity is in a plane paralld to the first of 
the two vertical planes, and distant from it bj the 
line x'. 

Lastly, take, in the intersection of these pbiaes, a 
point distant from the second vertical plane by a 

^"^"'^'y ^= A-fB + C + D ' 

This point will be the centre of gravity of the given 
bodies, as is evident from § 106. 

111. To find the centre of gravity of a triangu- 
lar plane, all the points of which are supposed to 
gravitate equally. 

From two of tiie angles of the tiialiglc^ dbnaw lin^ bi- 
secting the opposite sides. Their intersection is 
the centre of p:iivity. 

Each of these lines is divided by the point of intersec- 
tion, in the ratio of 2 to 1. 

1 12, To find the centre of gravity of a given py- 
ramid. 

Draw a straight line from the vertex to the centre of 
gravity of the base, and divide it in the ratio of 
three to one, the greatest segment being next the 
vertex. The point so found is the centre of gravi- 
ty of the Pyramid. 

This 
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Tkls construction applies to a pyramid of any immber 
of sides, and therefore also to a Cone. 



I lis. To find the centre of gravity of any plane 
» mechanically. 

Suspend it by a given point in or near its perimeter, 
and when it is at rest, draw across it a vertical 
line passing through that point. Suspend it in like 
manner by another point, and draw a vertical line 
as before. The intersection of these lines is the 
centre of gravity of the plane. 

If the body is of three dimensions, the same process 
may be followed ; but three suspensions will be ne- 
cessary. 

This construction is referred to by Pappus Alexan- 
ORjifus, Colled. MalL Lib, viii. Prop- i. 



Of the Motion of the Centre ofGi^avit^. 

In the preceding propositions, the centres of gravity 
of bodies or systems, iii wliicli the parts preserved 
the same relative position, have only been consi- 
dered. It is evident^ however, that m any system, 
though the parts be not fixed in the same relative 
position, the centre of gravity for any given posi- 
tion may be found ; and there are some general 
properties of the centres so found, that are very im- 
portant in mechanics. 

114. If any number of bodies move uniformly in 
straight lines, their common centre of gravity will 

alst> 
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<also move tiniforinly in a straight line, or will re* 
main at rest. 

Newtoni Prindpia^ Lib. 1. Lemma 23. 

115. The mutual action of bodies does not change 
the state of their centre of gravity, either as re- 
maining at rest, or as moving uniformly in a 
straight line. 

116. The quantity of motion in any system of 
bodies estimated in a given direction, remains con- 
stantly the same, whatever may be the mutual ac- 
tion of these bodies on one another. 

Both this and the preceding propontion are conse- 
quences of the equality that takes place between 
the action and re-action of bodies. The ^antity 
of motion in any system is the same as if all the 
parts of it were united in the centre of gravity of 
the whole. 

117« If there be a system of bodies acting any 
how on one another, and if at any point of time we 
compute the motions which these bodies would 
have m the succeeding instant, were they all free 
from their mutual action ; and if we also compute 
the motions, which, in consequence of their mu- 
tual action, they really have in that instant, the 
motions which must be compounded with the first 
of these, in order to produce the second, are such 
as, if they acted on the system alone, would pro- 
duce 



fduce no motion at all, or would be in equilibrio 
with one another. 
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The principle here laid down was discovered by 
D''Alkmbert. It is a result of the equality of ac- 
tion and re-actioiij or rather, it is that very equali- 
ty expressed with perfect generality and precision. 
It was supposed before, that the motions combi- 
ned with the first of those above described, in or- 
der to produce the second, must, when added to- 
gether, be equal to nothing; whereas it is not the 
motions simpljj but their momenta, which, when 
added together, must be equal to nothing. 

This principle is of gi'eat importance for deducing the 
laws of constrained from those of free motion, and 
affords the only general method of determining tlie 
manner wherein motion distributes itself through 
all the parts of a system to which it is any how 
communicated. It may very properly be called the 
Principh of the Distrihution of Motion. 

A simple instance of its application is afforded by the 

following problem* 

118* Let two bodies connected by a straight rod, 
without weight, be moveable about an axis passing 
through their centre of gravity ; and let a motion be 
communicated to one of them, which, were it de- 
tached and single, would give it a velocity c ; re- 
liiired, the angular velocity with which the bodies 
will begin to revolve ? 



Skct. 
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Sect, II. 

OF THE liECHAKlCAL FOWEBa. 

119. A MECHANICAL p6wer, is an instrument by 
which the effect of a gi^en force is increased, while 
the force itself remains the same. 

The sunple mechanical powers into which mor^ com* 
plex machines are resolved, are these : 1. The lie* 
ver; 2. The Wheel and Axle; 3. The Pulley; 
4. The Wedge ; 6. The Screw ; 6. The Funicuhff 
Machine. 

Of the Lever. 

120. Def. — A lever is an inflexible rod, moveable 
about a centre or fulcrum, and having forces ap** 
plied to two or more points in it. 

The simplest state of the lever is, when there are on-* 
Ij two forces ; and of this there are two cases : in 
the first, the fulcrum is between the points whert 
the forces are applied, and the forces are directed 
the same way ; in the second, the points to whkh 
the forces are applied, are on the same side of tipe 
fulcrum, and the forces are directed opposite wajrs. 

3 !■ 
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tn tjreating of the lever^ it is usual to distinguish the 
forces by the names of the Power and the Weight, 
or the Power and the Resistance,— -terms that have a 
reference to the intention with which the machine 
Is used, not to any real difference in the action of 
the forces. 

We shall begin with abstracting entirely from the 
weight of the lever itself 

121. If two forces be iapplied to a lever having 
equal and opposite momenta, that is, tending to 
produce motion in opposite directions, and being 
inversely as the perpendiculars drawn to their di- 
rection from the fulcrum, they will be in equili- 
.brium with one another* 

When the forces are parallel, this proposition coin^^ 
cides with the property of the centre of gravity, 
§ lOi. When they are oblique, the case is deduced 
to the preceding by the resolution of forces. 

123, If any number of forces be applied to a 
lever, there will be an equilibrium, if the sums of 
the opposite momenta be equal to one another. 

This proposition also coincides with a property of the 
centre of gravity (§ 106). 

123.. When any number of forces are perpendi- 
cularly applied to a lever, the fulcrum is loaded 

E with 
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with the sum of the forces, if they are all in the 
same direction, and with their difference, if they 
are in opposite directions. 



124. When there is an equilibrium in the lever, 
if each force be multiplied into the velocity which 
the point of its application would have, if motion 
were to take place, the sum of all the products so 
formed is equal to nothing. 

Forces that act in opposite directions are here ac-* 
couBted positive and negative. This is always to 
be understood when the sums of forces or of mo- 
menta are said to be equal to nothing. 

This property of the lever is common to all the me- 
chanical powers, and, indeed, to all machhies what- 
soever. It is known by the name of the principle 
of Virtual Vdocittes^ and consists in this, that if 
the equilibrium of a machine be disturbed, by a 
quantity indefinitely small, and if the velocity of 
each force be muUlplied into its quantity, the sum 
of these products, reckoning the forces which are 
!n opposite dbectionsj positive and negative with 
respect to one another, will be equal to nothing. 
This principle was suggested by Berxouilli, 
and is of great use in mechanical mvestigations. 
It admits of a general, though indirect, demon- 
stration. 

The velocities compared, being not actual^ but such 
as would take place if a certain event, the subver- 

sioii 
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liOa of the ^quilibntmi, were to happen, are pro- 
perlj deiioinijiated virtual. 

The different cases of the lever, whether it be straight 
or crooked^ and the forces perpendicular or oblique, 
are all tximpreheiided in the preceding propositions. 
The case of oblique forces admits of a very concise 
expression in terms of the angles. 

i25. If two oblique forces be applied to the ex- 

ren[iitie3 of a straight lever, there will be an eqiii- 

irlum between them, if they be ioTcfsely as the 

sngths of the arms by which they act, multiplied 

ito the sines of the angles which their directions 

make with the lever. 

It is evident that this proposition is general^ and com* 
prehends the case of perpendicular forces* 



1S6. If a beam of any form be kept in equili- 
brium by three forces applied to different points in 
it, these forces must either be parallel, or con- 
verge to the same point. 

If at the point to which the three lines converi^e, we 
take pails in those lines proportional to the forces, 
they will form the sides and the diagonal of a pa- 
rallelogram ; and if at the point in whiiii tliis dia- 
gonal intersects the beam, we suppose a fulcrum to 
be placed ; the beam will be converted into an ordi- 
E 2 nary 
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nary lever, and the weight sustained by the fulcrum 
will be to either of the other two forces, as the dia- 
gonal of the paraUelogram to the side which cor- 
responds to that force : also the two extreme forces 
will be to one another inversely as the sines of the 
angles which their directions make with the above 
diagonal. 



127» If we would allow for the weight of the le- 
ver itself, we must suppose its weight to be united 
in its centre of gravity, and to act there as a third 
force, added to the power or the resistance, accord- 
ing to the side of the fulcrum on which it is pla- 
ced, 

128- When a beam carrying a weight, is sup- 
ported in a horizontal position by two props, the 
weights which the props sustain are inversely pro- 
portional to their distances from the centre of gra- 
vity of the weight. 



129. If a weight W, be sustained on a horizon- 
tal plane by three props, (not in a straight line), 
Ithe pressure on each will be the same as if a single 
I weight were laid on it, so that the sum of all the 
three weights were equal to W, and their common 
centre of gravity the same with the centre of gra- 
vity of that body. 

If 
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If the props be A, B, C, (fig. 8.), and if W 
be placed with its centre of gravity at D, and 
if ADG^ BDF, CDE, be drawn, the pressure 

on A is ™- X W, 

on B is g X W, 

OD C is ^ X W. 

When D coincides with the centre of gravitj of the 
triangle ABC, the pressure on each of the props is 
the same. 

If W be supported by more than three props, the pro- 
blem appears to be indeterminate, or to admit of 
innumerable solutions. 

Nevertheless, if the centre of gravity of W, as it rests 
on the plane, be the same with the centre of gravi- , 
ty of the figure made by joining the tops of the 
props by straight lines, the pressures on the props 
are all eq^ual to one another. 

The lever is the simplest of the mechanical powers, 
and appears to be the first that was attempted to be 
explained. Aristotle has treated of it in his Me- 
chanical Questions, and has even endeavoured to re- 
duce some other of the mechanical powers to the 
lever. The first accurate explanation, however, 
was given by Archimedes, Lib. i. de Equiponderan-' 
tibua. Prop. 6. 

The lever is used in mechanics in various forms ailH 

^combinations. The compound lever is, where one 

E 3 lever 
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lerer is made to turn tnotlier ; ftod then ui eqvSw 
brium takes place, when the weight is t^ the power 
as the product of all the amif, taken alttruateJj, 
beginnmg with that to which the power b applied^ 
ta the product of all the other arms. 

The common apparatus for raising a draw-bridge, is 
a combination of a lever of the first kiud^ with a 
lever of the second ; the two levers are parallel, 
and remain in tquilibrio iu all situations* 

In the constniction of the animal body, this mechani- 
cal power is much employed. The bone is the le- 
ver^ the muscle is the power, or rather the medium 
through which the power acts, and the joint is the 
fulcrum. The insertion of the muscle, or the point 
to whivh the power is applied, is usually nearer the 
joint or fulcrum than the weight to be raised is. 
A tllfTerent structure might have produced more 
sti-engtli, hut would have diminished the activity pf 
the animal^ and the velocity of its motion, 



Ofihc Balance. 



ISO. The balance is a lever with equal arnis^ 
used for comparing weights with ooe another, and, 
when well constructed, must have the following 
properties: 1. It should rest in a horizontal posi- 
tion, when loaded with equal weights, 2- It should 
have great sensibility, that is, the addition of a 
small weight in either scale should disturb the 
^quilibriimi, and make the beam incline sensibly 

from 



I 
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from the horiMntal position, 3. It should have 
great stability, that is, when disturbed, it should 
quickly return to a state of rest. 

That the first requisite may be obtained, the beam 
must have equal arms ; and the centre of suspension 
must be higher than the centre of gravity. Were 
* these centres to coincide, the beam, when the 
weights were equal, would rest in any position, and 
the addition of the smallest weight would overset 
the balance^ and place the beam in a vertical situa- 
tion, from which it would have no tendency to re- 
turn. The sensibility in this case, would be the 
greatest possible ; but tlie other two requisites of 
level and stability would be entirely lost. The 
case would be even worse, if the centre of gravity 
were *lower than the centre of suspensions as the 
balance, when deranged, would make a revolution 
of no less than a semicircle. W hen the centre of sus- 
pension is higher than the centre of gravity, if tlie 
weights he equal, the beam wiU be horizontal, and 
if they be unequal, it will take an oblique position, 
and will raise the centre of gravity of the w^liole, 
making the monieutmii on the side of tlie lighter 
weight equal to that on tlie side of the heavier, so 
that an equilibrium vnll again take place. 

The second requisite is the sensibility of the balance, 
or the smallness of the weight by which a given 
angle of inclination is produced. It' a be tlie 
length of the arm of t!ie balance, and b the distance 
between the centre of suspension and the centre of 
gravity, P the load in either scale, and W tlie 
E 4 weight 
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weight of the heam, the sensibility of the balance 



IS as 



f- ^ p 1 YJ^ I it is therefore greater, the 

greater the length of the arm, the less the distance 
between the two centres^ and the less the weight 
with which the balance is loaded. 

Lastly, The stability, or tlie force with which the 
state of equilibrium is recovered, is proportional 
to (2 P «|* W) 6, the denominator of the preceding 
fraction. 

The diminution of i, therefore, while it increases tlie 
sensibility, lessens the stability of the balance. 
The lengthening of a will, however, increase tlie 
former of the^e quantities, without diminishing the 
latter* The above formulas are of great practical 
utility, because, by means of them, one balance may 
be made having exactly the same sensibility and 
stability with another : it is only required, that the 
ratio of the lengths of the arms should be the same 
with that which is compounded of the ratios of the 
distances of the centres of gravity and suspension, 
and of the weights of the beams. 

A balance made by Ramsden for the Royal Society, 
is capable of weighing ten pounds, and turns w^ith 
half a grain, the ten millionth part of the weight. 
YoiNG^s Lectures f voh i. p. IM, The descriptions 
of balance??, given by mechanical writers, are ge* 
nerally defective, as they do not give the values of 
flj A, and W, the quantities on which the merit of 
the balance depends, and by the knowledge of 
which similar instruments might be constructed. 

In 
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Ij& some of the akeil btthnccs* k h tuode Tariaihh 
bf Dieuis of m smdl moreiUe we^t 

CoMuh La Hms^ Trdtr ifr JfidlnifM^ propL 33. 
MimcmnRaEK, § 383, &€. Eulsh, Cimtmrmi. /V* 
tmop. imn. x. p. L &c. Mjigeio^^:^, Jomnml dk /Vjfi». 
tDin. XVII. (17S1), p, 43. 



0/ the fF/ieel and Mk. 



•131. The wheel and axle, consists of a ivhcel 
having a cylindric axis passing through its centre, 
and moveable In two grooves. The power is ap- 
plied to the circumference of the wheel, and the 
weight to the circumference of the axle. An 
equilibrium in this instrument takes place, when 
the radius of the wheel, multiplied into the power, 
is equal to the radius of the axle multiplied into 
the weight ; or when the power and weight arc 
inversely as the radii of the circles to which they 
are applied. 

It is supposed here, that the power and the weight 
both act at right angles to the radius. 

The wheel and axle is nothing else but a lever, so 
contrived as to have a continued motion ahoiit it« 
fulcrum, The principle of the virtual velocities i?* 
here obviously applicable. If the power act not at 
the circumference of the wheel, but at tlie extre- 
mity of a handspike inserted in the wheel^ the dis- 
tance 
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tanee of that extremitj from the cwbre of the 
axis, is to be accounted the radius of the wheeL 

The Capstan^ the Windlass, and other contrivaQCOB of 
a similar nature, are nothing ebe tbaa the wheel 
and axle adapted to particular drcunurtanees. 

The mechanical contriTance called a Crank, is a spe- 
cies of wheel and axle. If the force which acts 
upon a crank presses it directly down and up alter^ 
nately, the effect, compared with what would take 
place if the force acted at right angles to the arm 
of the crank all round, is as twice the diameter of 
a circle to its circumference, or as seven to el^yen 
nearly^ 

The combinations of wheels^ so useful in mechanks, * 
are generally reducible to the wheel and axle^ 
though the wheel which turns the other is not aU 
ways upon the same axis with it. The motion, ip 
such cases, is communicated from the one whe^ to 
the other^ either by belts or stri^ pas^ivig over the 
circumference of both; or by teeth cut in the 
circumference of eacb> and working in one imo* 
ther, 

1S2. When one wheel moves another in either 
of these ways, the velocities of their circumfer- 
ences are equal; and therefore their angular velo- 
cities, or the number of revolutions which they 
make in the same time, are inversely as their ra- 
dii. 

In 
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Jn combinations of wheels communicating motion to 
one another, it is usual to call the smaller wheel 
acted on by a larger one, a pinion ; and the teeth 

the leaves of it. Sometimes the smaller wheel is a 
cylinder^ in which the top and bottom are formed hy 
circles, coimected by staves inserted in them at equal 
distances along their circumferences ; and it is then 
called a lantern^ the staves serving for teeth. It 
is usual also to employ the wheels and pinions, as 
in figure 9j where A is a large wheel, driving ^ 
pinion b on the same axle with the great wheel B ; 
B acts on the pinion c, which is on tlie same axle 
with the large wheel C ; ^A C drives the pinion i^ 
&c. 



133. When motion is communicated through a 
number of wheels and pinions, the angular veloci- 
ty of the first w-heel, is to the angular velocity of 
the last pinion, as the product made by multiply- 
ing together the number of the teeth in every pi^^ 
nion, to the product made by multiplying together 
the number of the teeth in every wheel ; and that 
same ratio, compounded with the ratio of the ra- 
dius of the last pinion, to the radius of the first 
wheel, will give the ratio of the power to the re- 
sistance when an equilibrium takes place* 

The truth of the first part of this proposition is evi* 
dent from § 132. ; and the truth of the latter 
part follows from the principle of the virtual velo- 
cities. 

134. When 
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134. When wheels act by teeth working in one 
another, notwithstanding that the length and po- 
sition of the levers by which they act, are conti- 
nually changing, the force of the one upon the 
other will remain constant, if the line which is 
dra^^^n perpendicular to the surfaces of both teeth 
at the point of contact, pass continually through 
the same point of the line which joins the centres 
of the wheels. 

It 19 here necessary to distinguish between what is 
called the totals and the primilice radius of a wheeL 
The total radius extends from the centre to the ex- 
tremities of the teeth ; and the primitive extends 
only to the point where the teeth would touch, if 
they were to act merely by contact. If the distance 
between the centres of the wheels be divided by the 
point O, (fig. 10.), in the ratio of the number of teeth 
which the wheels are required to have, AO and 
BO will be the primitive radii of the wheels, and 
O is the point through which the perpendiculars in 
the above proposition must be supposed to pass. 

IS5, There are many diflerent curves, accord- 
ing to which the teeth of wheels might be formed, 
so as to answer the condition in the last proposi- 
tion ; but that which seems most convenient, and 
which has been most generally adopted, is the cpi- 

Vid, EuLER, Nfw, Com. Pelrop, v. p. 299. and %i. 

p, 207. One of the curves there proposed, is 

3 the 
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the evolute of the circle. The same is mentioned, 
Encifc* Brit. 

If the circumference of one circle be made to roll 
along the circumference of another, the curve de- 
scribed by any given point in its circumference, is 
an epicycloid* The circle which rolls is called the 
generating circle^ and that on which it rolls the base 
of the epicT/cloid. As the former may be supposed 
to roO either on the outside or the inside of the lat- 
tefi there are two kinds of epicycloids, distinguish- 
ed by the names of Exterior and Interior. 



136* Let it be required, having given the mag- 
nitude of a wheel and pinion, and the numbers of 

► teeth in each, to determine the figure of those teeth, 

[Let CB (fig. 10.) be the primitive radius of the 
wheel, and BD the base of the tooth ; bisect BD 

tin E, draw CE, and produce it indefinitely ; and 
with a generating circle, of which the radius is 

[half the primitive radius of the pinion, describe 
an arch of an epicycloid on the primitive circum- 
ference of the wheel as a base, beginning at the 
point B, and intersecting CE in F, Then BF is 
the figure of one face of the tooth, and in the same 
manner may the other FL be determined. When 
one tooth is formed, it may serve as a model for 
the rest. 

The teeth of the pinion arc to be determined in 
the same manner ; the radius of the generating 

circle 



f% OUTLIXIS OF NATURAL FHlLOSOPflr* 

circle being made equal to half the primitive ra- 
dius of the wheel. 

See Camus on (ht Teeth of Wheels, Article 548, p. 63. 
et seq. of the English translation. 

Toothed wheels are frequently employed for cban^ 
ging the dinection of motion : the directions of their 
axes are then inclined to one another, and the 
parts of their rims where the teeth are placed, are 
cut into frustums of cones, each of which has it» 
vertex in the intersection of the axes of the two 
wheels. Wheels of this kind are called bevelled^ or 
crown wheels, 

1 37* The figures of the teeth of bevelled wheels^ 
are determined by an epicycloidal surface, ge- 
nerated by a straight line, on the surface of 
a cone, while the cone rolls on the conical part ofj 
the wheel, its vertex being in the point where the 
axes of the wheels intersect. The line on the sur- 
face of the revolving cone passes through its ver- 
tc:St. 

Consult Camus on ike Teeth of Wheels^ Article 557* 
&c. The curve generated by a point on the surface 
of a revoh^ing cone, is there called a Spherical Epi- 
cycloid, as being on the surface of a sphere, Dr 
Brewster, in the Appendix to Pergnson^s Mechanics, 
vol. II. p» 232. treats of the construction of bevelled 
wheels. 

Toothed wheels are employed in mechanics, not only 
for increasing or diminishing velocity, so as to 

, adapt 
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fidapt a given power to the purpose of producing a 
certain effect, as in a common rail], where the slow 
motion of the water-wheel h made to produce the 
rapid motion of the millstone, but thej are also 
employed for the purpose of producing angular 
motions, that shall oMain^ with great precision, gi- 
ven catios to one another. This happens in clack- 
work, and it is there of importance to determine 
with eccm'acy the number of wheels, and the nimi- 
ber of teeth in each. Suppose it is required to 
make one wheel turn exactly 240 times, while ano- 
ther turns once : The smaller wheel, which is to 
turn the fastest, cannot have fewer than 6 leaves^ 
or teetli : The other, therefore, ought to have <# 
times 240, or 1410, whicli is more tlian can con- 
veBienlly be given to one wheel. Suppose, then, 
that three wheels AIjC, auid three pinimis beif^ 
MB In figure 9, are to be employed : Then tlie 
angular velocity of A is to the angular velocity of 
by as 

iXc Xdio A XBXC, 

these letters denoting the number of teetli In their 
respective wlieels, therefore 

A X B X C;ixcxd::240:L 

Let the number of teeth in the pinions be 7, tf^ 
and 11, then 

AxBxC:7x5xll:r240:l; 

and A X B X C 2^ 7 X 5 X U X 240, or resol- 
ving 240 into its simple factors, 
AXB XC = 7 X5X 11 X3X 2X2X2X2X5- 

Thes4f 
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These factors, conibmed into tliree different group* 
in any order, wUl give three products that may be 
substituted for A, 6, and C\ 

We may take, for instance, S X 11, 7 X 3 X 2, 
and 2 X 2 X 2 X 5, which wiU give 55, 42 and 
4(>, for the numbers of the teeth that are to work 
in the pinions, where the numbers are 7» 5 and 11. 
The angular velocity of A will thus be to the an- 
gular velocity of d in the ratio required. 

138^ Jhe number of teeth in a wheel, and in a 
pinion which work together, should be prime to 
one another, that their coincidences may not re- 
cur in the same order after every revolution. 

The numbers expressing the ratio of the angular ve-. 
locity of the wheel to that of the pinion, may some- 
times be fractional, and may consist of so many 
places, when the fractions are taken away, that, to 
make the motions exactly in their ratio, would re- 
quire more wheels, and a greater number of teeth, 
than can conveniently be allowed. It is then of con- 
sequence to find two numbers that will express the 
ratio, not exactly, but more nearly, than can be 
done by smaller numbers. The method of finding 
such numbers, is explained in the Elements of 
Algebra, See Euler, Elem. d'AlgebrCy torn. ir. 
Additions, § 19.; also Wood's Algebra, § 37L 
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Of the Pulley. 



139. The pulley is a wheel moveable on an axis 
with a groove cut in its circumference, round 
which a cord passes. The axis of the pulley is 
either fixed or moveable. When fixed, the puU 
ley gives no mechanical advantage, but serves 
merely to change the direction of the power ap- 
plied to the cord which passes over it. When the 
axis of the pulley is moveable, one end of the cord 
is made fast to a fixed point ; the power is applied 
to the other, and the weight hangs by the block 
in which the axis of the pulley is fixed. By a 
single pulley of this construction, a force is enabled 
to balance another twice as great. 

Various combinations of pulleys give various degrees 
of advantage ; but in every case there is an equili- 
brium, when the spaces that would be passed over 
by the power and the weight in the same ttme, are 
in the inverse ratio of their quantities. 

It is obvious, that tlie pulley is reducible to the lever 
of the second kind, or, still more dii-ectlj, to the 
case, § 12s, of a body supported by two props. 

The combination of pulleys that has the most shnpli- 

city, is that in v* hich a number of pulleys hang 

above one another in an oblique line, each dou- 

F Wing 
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bling the power of that which is under it, so that 
as the number of pulleys increases in arithmetical 
progFession, the a^lvantage increases in geometrical 
progression- From being so extremely portable, 
and so applicable to cordage, the pulley is of all 
the mechanical powers the most useful at sea. 



Of the IVcdge. 

140. The wedge is a triangular prism, made of 
wood or of metal. It is usual to make the prism 
isosceles, and the angle contained between the 
equal sides more acute than the others. When, 
instead of being isosceles, the prism is rectangular, 
and has one of the planes containing the right 
angle, placed horizontally, the wedge coincides 
with the inclined plane, which is sometimes con- 
sidered as a mechanical power distinct from the 
rest. 



Tliere has been a considerable difference in the rules 
given by mecliauical writers for determining the 
power of the wedge. This has arisen, from not at- 
tending sufficiently to the direction of the res is- 

* tauce, and to another circumstance, whether both 
the* resisting bodies af e moveable, or one of them 
only. The best way of considering the subject, is 
to resolve all the farces that act upon the wedge 
into parts parallel to two axes, at right angles to one 
aoother^ and one of them parallel to the back of the 

wedge. 
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wedge> or the side to which the power is applied. In 
the case of equilibrium, the opposite forces, in the 
direction of these axes, must be equal to one ano- 
ther. In this way the foEowing theorems are easi* 
ly investigated. 

141. When three forces are applied perpendicu- 
larly to the three faces of a triangular prism or 
wedge, they will be in equilibrio^ if their directions 
intersect in the same point, and if they are to one 
another as the lengths of the sides to which they 
are applied* 

142, If the resistance to the motion of an isos- 
celes wedge be parallel to the back of the wedge, 
there will be an equilibrium, when the power ap- 
plied to the back of the wedge is to the sum of the 
resistances, as the thickness of the back to twice 
the height of the wedge ; and therefore if the bo- 
dies are equal, the power will be to the resistance 
of either of them, as half the base of the wedge to 
the height of it. 

If one of the resisting bodies only is moveable, the 
power will be to the resistance as the base of the 
wedge to its height. 

The more acute the wedge, the greater its power, or 
the smaUer the force required to overcome a given 
resistance. 



143- When the wedge becomes an inclined 
F S plane, 
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plane, with its base horizontal if the dircctioa of 
the power be parallel to the plane, there will be 
an eqailibrium when the power is to the resis- 
tance, as the height of the plane to its length, or 
as the sine of its inclination to the radius* 

144. Universally there will be an equillbriiini in 
the case of the inclined plane, when the power is 
to the resistance, as the sine of the inclination of 
the plane to the cosine of the angle which the di- 
rection of the power makes with the plane. 

BoMUT, Art, 2G3. Commtnl. Petrop, torn. ii. p. 28?, 

A wedge may have the form of a pirramid, as well ; 
of a prism. In tlie case of a pyramidal wedge, the ' 
forces that act must be resolved according to three 
axes, by which three equations will be obtained. 

145. In a pyramidal wedge, where the triangu- 
lar faces are inclined, at the same angle i, to the 
base, to produce an equilibrium, the power must 
be to the sum of the resistances, as the cosine of i 
to the radius. 

Piercing mstruments are all reducible to wedges of 

this kind, Nails, Bayonets, Stakes, Piles, See, The 
resistance in some of these increases with the sur- 
face to which it is applied. Though a wedge be of 
a conical form* it b comprehended under the pre- 
ceding theorem. 

The common wedge is generally employed for clea- 
ving, and otherwise overcoming the force of cohe- 
sion 
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bion in bodies: it may sometimes be used with 
advantage for raising great weights to a small 

height. 

All cutting instruments may be referred to it, Knives, 
Chissels, Scissars, the Teeth of Animals, &c* A 
Saw is a series of wedges, on which the motion 
impressed is oblique to the resistance* A Wimble 
is a wedge to which a circular motion is given. 

The power applied to the wedge^ when great resist* 
ance is to be overcome, is usually percussion ; and 
almost the only instance in which it is used for the 
purpose of equilibrium, is in the construction of 
arches^ built of tnincated wedges. As the consi- 
deration of this equilibrium would lead to too long 
a digression in this place, it will be treated of in 
Mil Appendix. 



Of ike Screw. 



146. The screw is a spiral groove or thread, 
winding round si cylinder, so as to cut all the lines 
drawn on its surface parallel to its axis, at the 
same angle* The spiral may be either on the 
convex or concave surface of the cylinder, and the 
screw is called accordingly, either the ciUrior or 
the interior screw. 

The screw is properly referred to tlic species of wedge 

i:alled the Inclined Tlane, and its principle, like 

F 3 that 
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that of the wedge, is easily reduced to the compost^ 
tion of forces. 



147. If the power be applied parallel to the base 
of the screw, and perpendicular to the radius of 
the cylinder; and if the weight press perpendicu- 
larly on the axis, an equilibrium is produced 
when the power is to the resistance, as the dis- 
tance between two threads of the screw to the cir- 
cumference described by the point to which the 
power is applied. 

MuscijENBROEK, § 482, BossuT^ § 2S4» S'Grave- 

The <serew is of great use for compressing bodies* A 
kind of percussion is sometimes added to it, as in 
the apjjaratus Ibr cohiiiig. The great attrition or 
friction which takes place in the screw, is useful by 

retaining it in tlie state to which it has been once 
brought, and continuing the effect aftex the power 
is removed. The screw is also applied, with much 
advantage, to raise great weights to a small height, 
and support them in that situation. 

The use of the screw to raise water, in the manner 
invented by Archimedes, is a very reniaj'kable ap*^ 
plication of it. 1 his screw is usually formed by a 
spiral tube winding round a cylinder, and it may 
be applied to raise any body that can pass within 
the tube as well as a fluid. If a screw thus form- 
ed be placed obliquely, so as to make, with the ver- 
tical, an angle equal to that which the spiral makes 
with the lines parallel to the axis, there will be in 

each 
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€ach turn of the spiral a part parallel to the hari- 
zouy where, if a body were placed^ it would be at 
rest. If, then, the screw be turned, the body will 
ascend, because the part of the screw behind il be- 
comes more inclined than the part before it, so that 
the body is urged forward, and consequently as* 
cends. 

If the screw used in this manner, be turned n ith great 
rapidity, the body may acquire a centrifugal ibrce 
so great as to overcome its grai ity ; in which case it 
mil descend. 

On thesubject of AncHiMEDEs's Screw, see Bernoul- 
li Ht/drmlj/namka^ Sect. ix. § 26. Also tluLER, 
JVba?, Com. Petrop. v. p. 259^ &c. Hennert* siir 
la Vie d^Arcbimede. 

The screw is also employed in the division of mathe- 
matical instruments, and in reading off from them. 
The contrivance known by the name of the Micro- 
meter Screw, is used for measuring angles with 
great exactness. In Ramsden^s Dividing Instru- 
ment, the screw is applied for the same purpose* 



Of ike Funicular Machine. 

148. If a body fixed to two or more ropes, is 
fiustained by powers which act by means of those 
ropes, this ussemblagc is ciiU'^d the Funicular or 
Rope Machme. 

See Varignon, voL i. p. 93, Sec. ; also Bossut, Mt~ 
chantque art. 120. 
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149, If a body is sustained -by two forces acting 
at the ends of two ropes, these forces will be in 
the inverse ratio of the sines of the angles which 
their directions make with the direction of the 
weight ; or directly as the secants of the angles 
which their directions make with the horizon- 
Hen ce the sum of the powers h to the weight, as the 
sum of the sines of the angles which the powers 
make with the direction of the weight, to the sine of 
the angle w hich the powers make with one anotb^. 

150 If the body is sustained by more than two 
cords, the powers, by the resolution of forces, may 
always be reduced to two* 

151. If any number of points be given either in 
the same or in different planes, and if from their 
common centre of gravity, lines be drawn to every 
one of the given points ; the forces which draw 
in the direction of these lines, and are proportional 
to them, will be in equilibria, 

HuGEMn, opera varia^ tom* i* p. 288. 

It follows from the above propositions, that a small 
power may be able to raise a very great weight to 
a small lieigirt ; and also, that it^ a rope is stretch- 
ed horizontally betw een two points, its own weight 
wiU prevent it from becoming perfectly streight, 
whatever force be employed to stretch it. The 
curve which a flexible chain or cord forms, when 
suspended by its two extremities, and either hang* 
ing freely, or having any degree of tension applied 
\o it, is called the Catenaria. 
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Sect. III. 



OF FRICTION. 

152. Besides the resistance which the mechani- 
cal powers, and the machines compounded of 
them, are intended to overcome, an impediment to 
their motion is always observed when the moving 
parts are in contact with one another. This im- 
pediment to motion is called Friction. 

The subject of friction is treated by Muschenbroek, 
§ 610,— .533. BossuT, § 248,-283. Prony, 
Arch. Hydraulique^ Sect. v. Brewster, in his Ap- 
pendix to Ferguson^s Mechanics, vol. ii. p. 334.. 
Grbgory^s Mechanics, vol. ii. § 24. &c. 

153. When a heavy body is at rest on a hori- 
zontal plane, it is not in equilibrio, or ready to 
obey, the least impulse, in a direction parallel to 
the plane. A force must be applied to bring it 
into that state, with respect to any given direc- 
tion J and this force in the measure of the fric- 
tion. 

154. Friction destroys, but never generates mo- 
tion, and in this is unlike gravity, or any of the 

forces 
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forces hitherto considered, which, if they retard 
motion in one direction, always accelerate it in 
the opposite. The force of friction, therefore, vio- 
lates the law of continuity, and cannot be accu- 
rately expressed by any geometrical line, or any 
algebraic formula. 

The retardation which friction opposes to motion, is 
nearly uniform, or the sanne for all velocities. Cou- 
lomb, in a series of experiments made with great 
accuracy, and on a large scale, found that bodies 
sliding on a plane, on which they were moved by 
a constant force of traction^ were unifomdy accele* 
rated, which could not have been, if the impeding 
as well as the impelling force had not been con- 
stant. Journal dc Phi/s. torn, xxvii. p* 204, &c, 
Collomb's experiments received the prize of the 
Academy of Sciences in 1781, and are published in 
Ihe tenth volume of the M^moiris presentes* An 
abstract of them is given in the Journal de Phys* 
above quoted, and also iii Prony's Arch. Hyd. 
Sect. V, § 1089, Sec, 

Motions retarded by friction, are therefore subject to 
the laws explained. Articles 86 and 87 ; only that 
the retarding can never be converted into an acce- 
lerating force, so that the formulas of those articles 
cannot be applied in their full extent* 



155. The force of friction is the greater, the 

greater the roughness or asperity of the surfaces 

moving on one another ; it is also the greater, the 

greater the power by which these surfaces arc 

3 pressed 
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pressed together ; but it is very little aflected by 
their extent. 

That the quantity of friction does not depend on the 
extant of the surfaces that rub on one another, was 
affirmed by AMoitfTosfs, and proved by a variety of 
experiments, Man, Acad, de Scicncesy 1699, p- 208, 
The fact, however, has been since questioned, parti- 
cularly by Lambert, Mtm. de Berlin, 1772 ; but the 
experiments of Coulomb, though they have pointed 
out certain exceptions, as those of some other wrii- 
ters have done, have shewn, that it holds in gene- 
ral, and that in practical mechanics, the ratio of the 
friction to the pressure, may be regarded as con- 
stant, whatever be the estent of the surfaces that 
touch. Journal de Pltya, vol. xxvii. p. 296. at the 
end. 

From some very accurate experiments, Mr Vince 

concluded, that friction increases in a less ratio 
than that of the pressure. Trans. 1785, p, 172. 
BossuT has remarked the same, wfien the weights 
become very great, and gives as a proof, the small 
inclination of the planks on which a ship slides 
when it is launched. Mechaiuque, § 256. 



156. Friction may be distinguished into two 
kinds, tbat of Sliding, and that of Rolling bodies. 
The force of the latter is very small compared 
with that of the former. 

Though the friction of rolling U small in respect of 
that of sliding, great force can be given it by the 
application of pressure. In the passing of metals 

between 
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between rollers or cylinders, strongly compressed 
by springs, the friction is that of rolling, yet it is 
syfScieut to communicate the motion of one of the 
cylinders to the plate of metal between them, in op- 
position to the great force which resists the exten- 
sion of the plate. 



157* The preceding facts appear to prove, that 
friction arises from the asperities at the surfaces of 
bodies, the eminences of the one sinking into the 
cavities of the other> so that a certain force, when 
it acts parallel to the surfaces, is necessary to dis- 
engage the parts, by forcing the one body to rise 
over the other, or by bending and abrading the 
eminences which oppose the motion* 

MuscHENBROEK, § 512* EuLER, Mh^. dt Berlin^ 
1748, p. 122. Coulomb, Miin, Presenthf torn, x. 
p. 164, Sec, 

The difiVrence between the friction of nibbing and 
rolling bodies, seems to arise from this, that the 
asperities do not require to be bent down or abra- 
ded in the latter case ; the eminences being lifted 
out of the cavities. 

When the rising up of the one body over the other is 
completely prevented, the friction becomes ex- 
tremely intense, as appears iu what may be ac- 
counted an extreme ease, the drawing of wire, 
tubes. Sec. where the extension of the metal is the 
effect of the friction acting all round. 
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In bodies sliding on one another, the surfaces may be 
held together by the attraction of cohesion, so that 
the friction is not always diminished in proportion 
as the polish of the surfaces is increased. Profes- 
sor Leslie is of opinion, that the phenomena of 
friction are not fully explained by these causes, and 
that they arise chiefly from a tremulous or vibrato- 
ry motion in the parts of bodies. Inquiry into the 
Propagation of Heat , p. 299 to 30^. 

158. The distance to which a given body will 
be moved by percussion, in opposition to friction, 
is as the square of the velocity communicated to 
it. 

This follows from § 99. Dynamics; friction being s 
force by which motion is nniformly retarded. 

Some paradoxical appearances are explained on this 
principle. When a carpenter would drive the 
handle of an ax into the head, he strikes against 
the handle after it is slightly inserted into the head» 
holding it loosely in his hand, without any firm 
support, and the head perhaps downward ; at each 
blow the handle is driven farther than if the blow 
had been given to the head itself. The reason is, 
that the handle is the lighter body, so that the ve- 
locity which a blow communicates to it is greater 
than that which the same blow would communicate 
to the head. The friction is of consequence more 
effectually overcome. 

Tims, too, a nail is driven by a blow of no great 
force, into a piece of wood where tbe mere friction 



94 OUTLINES OF NATURAL PHILOSOPHY. 

is sufficient to retain it against a great force applied 

to draw it out. 

The same thing is exemplified in the method now 
practised, of raising a stone by an iion plug, dri% en 
into a circular hole cut in the stone* A few blows 
of a small hammer are sufficient to fix the plug, so 
that it iVill serve not only to suspend the stone, 
though of several hundred-weight, but to draw it 
out of the earth, in which it has lain perhaps half- 
buried. Such is the effect of percussion, that a few 
blows of a lianiraer, given obliquely to the plug, 
are sufficient to disengage it from the stone. The 
stones on which this experiment has been made 
have always possessed great toughness and indura- 
tion. 

159. When motion begins, the intensity of fric-i 
tion diminishes ; it does not, however, change af-' 
tervvards as the velocity changes, but continues, as 
already said, to retard with a uniform force. 

EuLEE makes the friction to be reduced to one-half^ 

when the body is actually put in motion. Sur Ic 
Froit€m€?ii dts Corps Solides, Mtm. J cad, de Berlin, 
1748, p. 122, &c. § 13, The reduction appears in 
some cases to be much greater than tliis. Cou- 
lomb found the friction of wood sliding on wood to 
become less when the body began to move, than it 
had been the instant before, in the ratio nearly of 
2 to 9« Its intensity afterwards did not change^ 
pRONY, Arch. HydrauUqm^ 1173, N'>. 2, 

160. Friction 
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l6o. Friction may be measured by finding the 
force necessary to bring a body resting on a hori- 
zontal plane into such a state, that it is ready to 
move on the application of the least force (§ 153.) : 
it may also be measured by placing the body on a 
plane of variable inclination, and increasing that 
inclination till the body begin to slide. As the 
radius to the tangent of that inclination, so the 
weight of the body to its friction on the horizon- 
tal plane. 

If the weight he W, and the inclination of the plane, 
when the body begins to slide, i, the friction 
= W X tan I. 



l6l- Time is often required for friction to come 
to its bearing, or to attain its maximum, and in 
this respectj different substances differ much from 
one another. 

I, Coulomb found, that in wood sliding on wood, 
without grease, the friction at first increased, but 
ill a minute or two came to a limit, which it chd not 
afterwards exceed.^ Oak, for example, sliding on 
oak, though the pressure was varied from 74 lb. to 
2474, had a friction, after a minute, always nearly 
44 in the hundred. On diminisiung the surface as 
much as possible, the friction was reduced no lower 
than 41^ p^r cent. 

IK He found also, that when metal slides on metal^ 
the friction is proportional to the pressure ; in iron 
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on iron, 28^ in the hundred; in iron on brass 2&, 
&c. ; and this was the same whether the bodies 
were just beginning to move from rest, or had ac- 
quired anj velocity whatever different from the 
case just mentioned, of wood rubbing on wood* 

III. When heterogeneous bodies were made to slide on 
one another, as wood on metal, the friction increa- 
sed slowly with the time, and did not come to its 
maximum in less than four or five days. Iron 
against oak, after 10", gave the force of friction 
— 7^ pfr cent ; at the end of four days, it amount- 
ed nearly to one-fifth. In heterogeneous substan- 
ces, too, the friction increases sensibly with the ve- 
locity, and follows nearly an arithmetical, wliile the 
velocity follows a geometrical progression. 

IV, When the surfaces are smeared with unctuous sub- 
stances, the friction is diminished ; but time is ne 
cessary for the attainment of the maximum. In a' 
get of experiments, oak rubbing on oak, the surfaces 
greased with tallow, and the weights being 1650, 

-and 3280 pounds ; in the first, at the end of sL 
days, the friction seemed to become stationary, and^ 
w^as 37r per cent. ; in the second, the maximum ar- 
rived at the end of five days, and the friction was 
47. 

Another set, witli brass on iron^ and fresh tallow be- 
tween it, was four days before the friction came to 
Its maximum, when it was from 10 to 11 per cent 
At the first moment it was 9 per cenL^ so that here 
the increase was inconsiderable. These are some of 
the principal results of Coulomb's experiments, the 

most 
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inost accurate and extensive that have been made 
on this matter ; they shew a great difference in the 
laws of friction, that obtain among different sub^ 
stances. 

Consult Proky and Coulomb, lAi supra: 

l6Si. Friction is diminished by the unctuous 
substances mentioned above; Those that are thin-' 
ilest and least tenacious are the best j plumbago 
also, or Black Lead, as it is called, reduced to 
powder, and rubbed on the surfaces of wood, 
metal, stone, &c. serves greatly to diminish fric- 
tion. 

, 163. The effect of friction may be diminished, 
by drawing a body in a line inclined at a certain 
angle to the plaoe on which it rests. . Thus, if the 
weight of a body be to its friction, on a horizon- 
tal plane, as w to 1, it will be drawn with the 
greatest ease in the direction which makes with 

that plane an angle, having for its tangent -. 

Dan. Bkrnouilli, Nov. Com. Petrop. torn. 13. p. 244, 

164. Friction is diminished, when it is convert- 
ed, by means of wheels or rollers, from the fric- 
tion of sliding into that of rolling bodies. 

o When 
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When each end of the axis of a whed is made !• 
turn, not m a groove, but on the chrcumferences of 
two wheels, every one moveable on its own axis, 
these last ai'e called Friction Wheek, as seiring ve- 
ry much to Xeisen the effects of friction. 

165. The momentum of friction is diminished 
by friction wheels, in the ratio of the radius of the 
axis of any one of the wheels (they are supposed 
6qual) to the perpendicular height of the axis that 
rests upon them^ above the line joinmg their 
centres. 

EuLKR treats of the advantage of friction wheels, 
M^, Acad, Berlin, 1743, p. 144. The theorem he 
has investigated is not so simple as the preceding, 
but may be reduced to it. In the PkiL Trans, 
VoL LIU. p. 155. Mr K. Fitzgerald has described 
the construction of friction wheels, by which he 
reduced the power of friction from 425 lb, to two 
and three-fourths. 

Rollers put under a heavy b6dy, diminish the friction 
in the greatest degree possible, if they are spheres 
or cylinders, without any axis on which they are 
constrained to move. The conversion of fri^ion 
from sliding to rolling is tlien complete. 

The wheels of carriages are contrivances of the same 
kind : but in them the conversion above referred to 
is imperfect ; for though the friction at the cir-f 
cumference of the wheel is that of rolling, at the 
ixis;^ it is that of rubbing ; yet as the distance from 

ike 
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* ik€ <*etttre of matkm it smuB, ike momentuiri of 
the frfetioii is mttJt in the none proportioii; 

166. In wheel carriages, it is more advatitag<^ous 
that the wheel should turn on a fixed axis, than 
that the axis should be moveable, and turn with 
thfc wheel, because a rotatory motion must be gi- 
ven to the axle in the Tatter case, and not in th^ 
former. ^ 

167. In wheel carriages, the plane on which 
they move, and the line of draught, being both 
horizontal, the advantage for surmounting an im- 
moveable obstacle, of a given height, is as the 
square root of the radius of the wheel. 

Let tile whole weight Un he moved be W^ the radius 
ef the wheel r ; / the force which, dmwing horizon- 
tally, will raise the carriage aver an immoveable 
Obstacle of the height h ; then 

/=W,/li; 

6r \fr:sJ2hi:W:f. 

168. When a machine is so loaded, that it 
would be in equiUbrio if there were no friction, it 
will not be ready to move till a part be added to 
the power, bftving its momentum eqtial to the 
momentum of the friction. 

o2 . The 
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The friction most be considered as a given force^ op^ 
posed to the power, and having a momentum pro- 
portional Urits distance from the centre or axis of 
motion. 

169. Let a lever turn on an axle of which the 
radius is r ; let a be the length of the arm to whicfi 
the power P is applied, in order to raise the 
weight W J and let^ be the addition to be made^ 
in order to overcome the friction, the ratio of the 
pressure to the friction being n to 1 ; then ia^ 

^ = — (P + W). 

P is- understood to be expressed in weight. 

For the application of this to the other mechanicaf 
powers, see Prony, Arch. Hyd, Sect v. BossuT, 
Meeh. § 861, to 883. Van Swikdsn^ PosOtbiKt 
Phjf8. § 312—326. 

170. The stiffness of ropes, or the force requi- 
site to bend them, has a great analogy to friction. 
In different ropes, the forces requisite to bend 
them, are in the direct ratio of their diameters 
and their tensions jointly, and in the inverse ratio 

.of the radii of the cylinders round which they are 
bent 

Van Swindbn, Po». Phys. 339. CovLOMfi, whose ex^ 
periments ought to have great weight, holds the 
stiffness to follow the ratio of the section of the 
rope^ that is^ of the square^ not of the simple 

power 
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power of its diameter. The decision of the ques.^ 
tion requires new experiments. 

171. The friction of a rope that is wound round 
a cylinder, increases in geometrical progression, 
while the numher of turns increases in arithmeti- 
cal progression. 

Jf the turns be represented by the numbers, 0, 1, 3, 
3, 4, &c. ; the resistance made by the rope may be 
represented by the numbers I9 S^ 4, 8, 16, &c. 

Hence the great use of this kind of resistance to stop 
motion quickly, and to make fast one end of a rope 
when a great force or strain is to be applied to the 
other. 

172. Though friction destroys motion, and ge- 
nerates none, it is of essential use in mechanics. 
It is the cause of stability in the structure of , ma- 
chines ; and is necessary to the exerjtion of the 
^rce of animals. 

A nail, a screw, or a bolt, could give no firmness to 
the parts of a machine, or of any other structure, 
without friction. Animals could not walk, or ex* 
ert their force any how, without the support whicb 
it affords. Nothing would have any stability bul 
in the lowest possible situation, and an arch that 
could sustain the greatest load when properly di- 
stributed, might be thrown down by the weight of 
a single ounce, if not placed with mathematical ex- 
h actness at the very point it ought to occupy. 

g3 Sect, 
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Sect. IV. 



OF MECHANICAL AGENTS. 



}78. A FUNDAMENTAL distinction among mecha- 
nical agents, or the powers which pat bodies' in 
motion, consists in this, that in some the intensity 
of their action, or the acceleration they produce 
in a given time, is the same whether the body act- 
ed on be at rest or in motion ; in others, it is great* 
est when the body acted on is at rest, and becomes 
less as its velocity increases. 

Gravity is the only force that is certainly known to 
act with equal intensity on bodies in motion and 
at rest. Magnetism has probably the same pro- 
perty. Every other power acts more forcibly on a 
body at rest than on one that has aheady acquired 
motion in the direction in which it sets. This 
happens with respect to the elasticity of springs, 
the impulse of fluids, and the strength of animaJs, 
the only powers, except gravity, which are cti- 
ployed to put machines in motion. The know- 
ledge of the laws, according to which the action of 
these powers diminishes, as the motioo they com- 
munic^e increases^ is of great importance in mcr 
ch^cs. 

174. The 
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174. The absolute elasticity of a spring is near- 
ly pfoponional to its distance from, its state of qui- 
escence, or that at which its elasticity does not act ; 
but the power of the same spring to impel a body, 
must depend not only on its absolute force, but 
also on the rate at which it overtakes that body. 

An arrow, for example, is impeUed by the string of 
a bow, not simply by a force proportional to tke 
distance of the string from the state in which it is 
at rest (to which the absolute elasticity of the bow 
is probably proportional) but by a force that is less 
as the difference between the velocity of the string 
and of the arrow diminishes. 

This sul^ect, however, has not been sufPciently.exai* 
mined. 

A spring is sometimes made to act with uniform forct 
by lengthening the lever to which it is applied in 
the same proportion as its tension becomes less, of 
as its distance from its state of quiescence dimL 
nishes. This is done in the case of a watch-spring. 
The velocity acquired by the body impelled, is 
here so small that it may b^ neglected. 

175. When a moving body, whether solid or 
fluid, acts upon another, the motion communi- 
cated is less, the less the difference of their velo- 
cities. 

o4 The 
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The determination of the law observed by this action^ 
in the case of fluids, belongs to Hydrodynamics, 
and will be explained under that head. There re- 
mains, therefore, to be considered hevf only the law 
of animal force. 

176. The strength of men, and of all animals, 
is most powerful when directed against a resist- 
ance that is at rest : when the resistance is over- 
come, and when the animal is in motion, its force 
is diminished ; lastly, with a certain velocity, the 
animal can do no work, and can only keep up the 
'" motion of its own body. 

A formula having the three properties just mention- 
ed, will afford an approximation to the law of ani- 
mal force. Let P be the weight which the animal 
exerting itself t^ the utmost, or at a deadpuU^ is 
just able to overcome ; W any other weight with 
• which it is actuaSy loaded ; and v the velocity with 

which it moves when so loaded ; c the velocity at 
which the power of drawing or carrying a load en- 

V 

tirely ceases ; then W = P (1 — -\ is an equation 

that has all the three conditions mentioned above. 

Not only, however, has the formula P (1 — -\ these 

conditions, but the square of it has the same, qr, 
indeed, any function of it which vanishes when 

1 — £ vanishes, that is, when vzzc. We are leftj 
c 

then, 
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then, at liberty to choose any of these functions, 
and would assume the formula above as the sim- 
plest, if another condition did not seem necessary 
to be included. It is certain, that in all cases, 
when V approaches to c, or when the speed becomes 
great, a small variation in the weight is accom* 
panied with a great variation in the velocity. The 
simplest formula that corresponds to this condi- 
tion, is, when 1 -.. is raised to the square. 



177. Therefore, till experience has led to a more 
accurate result, we may suppose the strength of 
animals to follow the law expressed by the formu- 



la,W = P(l-^y- 



This equation, supposing W and v variable, is an 
equation to a parabola, the construction of which 
will serve to represent this law more clearly to the 
imagination. 

A formula for expressing the law of animal action, 
was first proposed by Euler, in a Dissertation on 

the Force of Oars. Mem. Acad, de Btrlifiy 1747. 

That which he employed was W =r P (1 -— -1, 

different from both those we have mentioned, but 
a function of the first, and one that becomes 0, 
when v=ic. Euler, however, changed this to 

another. 
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another, Mim. Acad, it Berlin^ 1758, and Nw^ 
Com. Petrop. viii. p. 244., the same that we have 
adopted. He appears to have done so m^rdj on ac- 
count of the analogy thus preserved between the 
action of animals and of fluids. The physical fact 
mentioned above, is a better reason for the prefer- 
ence. 



178. The efect of animal force, then, or the 
quantity of work done in a given time, will be 

proportional to Wv, or to Pt?(l — -j , and will 

c 4P 

be a THOxlmum when v = -. and W = — , that 

3 9 

is, when the animal moves with the one-third of 
the speed with which it is able only to move itself, 
and is loaded with four^ninvhs of the greatest 
load it ia able to put in motion. 

The quantities P and c can only be determined by ex- 
perienee, and as they must differ for different indi- 
viduals, an aveP9ge estimation of them is all that 
can be obtained. Even that average is but imper- 
fectly known ; Euler supposes, that for the work 
9f men, P may be taken zr 60 lb. and c^6 feet 
per second, or ^ Uttle more than four miles an 
hpur. 

A man, according to this estimate, when working to 
the greatest advantage, should carry a load of 87 lb., 

«»d 
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ftnd vralk at the rate of two feet in a second, or a 
mile and one-third an hour. 

A horse, according to Dfis^otiLf brb, drawing a weight 
out of a well, over a pulley, can raise 200 lb» for 
eight hours together, at the rate of two miles and 
a quarter an hour. Supposing the horse. In this 
case, to work to the greatest advantage, 



P = 



mo X 9 



— 450, and c = 2,25 x 3 = 6} mUei 



per hour. 

This estimate seems to give too high a value to P, It 
will suit better with general experience to make 
P = 420, andc"7. 

When a horse^s work is estimated by the load he 
draws in a cart or waggon, a great reduction must 
be made, in order to compare the force he exerts 
with that which is necessary for raising a weight, 
by drawing it over a puUey. Though accurate 
experiments on the friction of wheel carriages are 
wanting, we probably shall not err much in suppo* 
sing the fiiction, on a road, and with a carriage of 
the ordinary construction, to amount to a twelfth 
part of the load. If, then, a horse draws a ton in 
a cart, which a strong horse wiU continue to do for 
several hours together, we must suppose his action 
the same as if he raised up the twelfth part of a 
ton, (2240 lb.), or 186 lb* perpendicularly against 
the force of gravity. To raise a weight of 186 lb. 
therefore, at the rate of two miles, or two milea 
and a half an hour, (that is 2.9, or 3.6 feet per se- 
1 cond). 
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cond), may be taken as the average work of a strong 
draught horse in good condition. 

A different view of the manner of estimating animal 
force, has been taken hj Coulomb^ Mem it rin$L 
Nat. torn. II. p. 380, &c, 

179. It appears to be a certain fact, that when 
a man carries only his own weight, the quantity 
of his action, that is, the height he is able to ascend 
in a given time, multiplied into his weight, is great- 
er than when he carries any additional load ; and 
Coulomb thinks it probable, that this diminu- 
tion of action, is in proportion to the additional 
load carried. Now it appeared from his experi- 
ments, that when a man carried a load equal to his 
own weight, his action was reduced nearly one- 
half; and, therefore, supposing the reduction al- 
ways proportional to the load, if w be the weight 
of the man's body, / an additional load, which he 
is made to carry, H the height to which he ascends 
in a given time, when walking freely, and h the 
height to which he ascends in the same time with 
the load / ; then his action in the latter case, or 

(w + l)h, is reduced «»H(1 — tt— ) J and there- 

a;H(l~~^) 
Jtbre also A — -±Hi. 

SuppOSQ 
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Suppose that & man is loaded with one-fourth of his 



«;H(1 — ^) 
own weight ; then h = ^-^i 



-<-^i 



H (.699). 



The value of H is deduced from the ascent of the 
Peak of TeneriiTe. Borda, accompanied by eight 
men, on foot, ascended in the first day (7** 45"), 
to the height of 2933 metres, or 9593 feet. This 
was at the rate of 12S5 feet in an hour. Had each 
of the men carried a load equal to the fourth part of 
his weight, they would only have ascended at the 
r^te of 857 feet, an hour. 

When 1—5^ =0, or /=2«;, the height A=:0. 

With a load equal to twice a man'^s weight, he 
could not ascend. 



180. The strength of a man being supposed to 
follow the law now laid down, its greatest effect 
in raising a weight, will be when the weight of 
the man is to that of his load as 1 to — 1 + V^i 
or nearly as 4 to 3. 

Because 
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Because h 



= 7T7 — ' '*= JmT 

DOW / A, or the weight multiplied into the height to 
which it is raised, is the measure of the effect, 
or of the work done, which, therefore, will be a 
maximum when the last formula i^ so, that ist^ 
when / = w ( — 1 + V 3)* 

If in the equation As . , we suppose 

h and / to be variable, the other quantities being 
constant, the locus of the equation is a hyp^rbolfl^ 
which may be easily constructed. 

The theorems just given only diff*er from CovLOif»*t, by 
being somewhat simpler, and free from all reference 
to any particular measure of length or of wei^t 

On this subject, however, many more experiments, 
are wanting ; to determine, for instance, the fric- 
tion of wheel carriages ; the difference of the exer- 
tion required to walk on a horizontal plane, and 
on (me of a given decUvity*; the quantity of wortc 
done in a given time by the same animal, carrjing 
different loads. The difference between the effec- 
tive exertion of a mum's strength when he moves 
along with his load, and when he stands, as in turn- 
ing a wheel, or sits, as in rowing a boat, &c. &c. 

Sect. 
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Sect. V. 



MOTIOJf OF MACHINES. 



181. IVIachines either work with a variable or a 
uniform velocity. If the moving power is of the 
kind, that when the motion begins, diminishes 
in the intensity of its action, the machine, after 
a* little time, will acquire a uniform velocity. 
If, however, the moving power be one that acts 
always with the same force, and if the resistance 
is also uniform, the machine will be continually^ 
accelerated. But as a motion continually accele- 
rated is incompatible with the purposes of machi- 
siery, it is eitfa^ contrived, that, by an increased 
resistance, the motion shall become uniform, or 
that the moving power shall at intervals cease alto- 
gether, or become a retarding force, — so that the 
velodtjr of the machine, though continually chan- 
ging, nmy be confined within certain limits. 

We shall begin with considering MHkie of the simpler 
machines o£ this Utter class, when gravity is the 
Mftviog power. 

i%». Lei 
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182. Let A and B be two given weights, appli^ 
ed to the ends of the arms of a lever, of which thcf 
lengths are a and A, and let A x fl^ be greater than 
B X 6, so that A may preponderate ; the space over 
which B will be raised in one second, (^ being the 
velocity which a heavy body acquires in the first 

second of its descent), is . . j. A x y 5"* 



Call X the velocity of &, then — wiU be the velocitj 

h 

of A. If the bodies were free to fall by their own 
gravity, the velocity of each would be g ; therefoi^ 



the velocity lost by A is ^— -^ ; and the veloci- 
ty gained by B is g* + « ; now the momenta of these 
must be equal by § 117, that is, ka{g — ^~i 

= B 6 (g- + «) ; and hence «, or the velocity of B,- 
is found, and the half of it is the space over which 
B is raised in one second. 

Hence the time in which B will be raisied oVer a 

* 

j^ven space .A, being equal to as xaaxef seconds as & 
contains the above expression, is = 

Aa^ + By 2A 
(Ac— B6)6 ^ ~^- 

It is evident, that if A is given, as also B and-i, and 
if the length of the arm a be alwe supposed vari- 
able/ 
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able, the time thus computed must admit of a mi- 
nimum, as it would be infinite if a were sa short, 
that A a — B 6 ; and it would also be infinite, if c 
were infinitely Icing. There must be a value of «, 
therefore, that will give the time of ascent the 
leasts or die angular velocity of tlie lever the great- 
est; and it will be found by the preceding for- 
mula. 



183- The sanie things, thereforcj being siippo- 
as in the last proposition^ the angular velocity 
of the lever will be the greatest possible, when 



a:^ 



BA b'/W^AB 



If the bodies A and B are equal. 

In the investigation of the proposition in § 182,, the 
use of M. DV\lembert'*s Principle of the Distribu- 
tion of Motion is exemplified. The problem, how- 
ever, has been resolved by other means, tliough 
less satisfactory and less genei^ally applicable* 

£cLER, rfc Machinarnm usu maxime lucrosoy Com. Pe- 
trop. (1738) p. 67, Prop. 2. Also Blake, PkiL 
Tram. 1751, p. 1., &c. 

We have abstracted here from the inertia and weight 
of the lever, that the investigation might be the 
more elementary. Eliler has extended his inqui- 
ry to the wheel and axle, and other machines im- 
pelled by gravity. 



114 



OUTLINES OF NATURAL PHILOSOPHY- 



184. A State of uniform motion is sometimes 
produced in machines where gravity is the mo- 
ving power, by means of a resistance, so consti- 
tuted, as to increase with the velocity : when the 
velocity has reached a certain quantity, the re- 
tarding force becomes equal to the accelerating, 
and the velocity of the machine remains uni- 
form. 

This is cxeinplified in the motion of a jrck ; the re- 
sistance that the fly m^kes, increases with its vdo- 
city, and after a certain time, prevents all farther 
acceleration. 

A more refined artifice for producing a uniform mo- 
tion in a machine impelled by gravity, is employed 
in the pendulum clock, 

111 that machine, a pendulum, by forcing the end of 
a lever at each vibration, against a tooth of a 
wheel, put in motion by a weight, prevents the ac- 
celeration of tliat weight, and at the same time re- 
ceives an impulse just sufficient to continue its mo- 
tion. The exact adjustment of these forces, is one 
of the nicest problems in practical Mechanics* 

In a watch, where the moving power is the elasticity 
of a spring, the unilbrmity of the motion is, on si- 
milar principles, produced by the vibrations of a ba- 
lance. 



185. When the momentum of the power appli- 
ed to a machine, is greater than the momentum of 

the 
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thfc resistance, the machine is put in motion, and 
if the power be one that acts more forcibly on 
bodies at rest than in motion, its action is of course 
diminished, and the acceleration of the machine 
in the second instant is less than in the first- 
This diminution of the accelerating force conti- 
nues to increase, till the instant when that force 
becomes equal to the resistance, or till the velo- 
city generated every instant by the one, be just 
equal to the velocity destroyed every instant by 
the other. The acceleration then ceases, and the 
motion of the machine becomes uniform. 

The process by which a machine is thus brought to 
its permanent state of working, is most rapid in the 
beginning, and becomes slower as it advances. In- 
deed, if the laws of physical action admitted of 
mathematical exactness, or rather, if our senses 
enabled us to trace their progress with perfect ac- 
curacy, it would be found that a state of uni- 
form motion is never fuUy acquired by any ma- 
chine, and that it canuot be acquired in less tlian 
an infinite time. The curve of which the abscis- 
sae represent the time, and the ordinates the velo- 
city of the machine, can never pass into a straiglit 
Une; but it may liave, for an assj'^mptote, a 
straight line parallel to its axis, to which it may 
soon approach so near that they can no longer be 
distinguished. 

On the motion of machines, see Euler, de Maclnnis 

ingenere, Nov, Com. Petrop, torn. ni. (1750, 1751), 

II 8 p. 2i»4.. 
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p. 254.^ &C. Also Principia Theoruz Macbiwartm^, 
by the same Author, Novt. Com* JPttrop^ tom. tiik 
(1760, 1761), p. 830./&C. 

186. When a machine attains its state of uni-^ 
form motion, the momentum of the power is equal 
to that of the resistance, and is the same that 
would he in equilibrio with the resistance, if there 
were no motion at all. 

If it is by a stream of water that the machine is dri* 
ven, the stream is, bj the supposition, at first 
much more than able to overcome the resistance, 
and the machine accelerates till the relative veloci- 
ty of the water and the wheel is so small, that the 
force of the water is no greater than is sufficient 
to balance the resistance. The case is poarly the 
same whatever be the moving power, provided its 
action diminish with the velocity it communi* 
cates. 

187. In all machines, the work done is to be 
estimated not merely from the quantity of resist- 
ance overcome, but from the quantity overcome 
in a given time, or, which is the same, from the 
quantity of the resistance multiplied into the ve- 
locity communicated. 

The resistance is supposed here to be expressed by 
weight, and the effect by that weight multiplied 
into the velocity with which it is raised. 

As 
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As this IS also the expression for the momentum of 
tke resistance, and a» that momentimi is equal, 
when the motion is uniform, to the momentum of 
the power, this last^ or the product of the moving 
force into its velocity^ is also the measure of the 
effect. 



188, In all inachines that worlc with a uniform 
motion, there is a certain velocity, and a certain 
load, that yield the greatest effect^ and which are 
therefore more advantageous than any other. 

If the machine la loaded lieavily, though the resist- 
ance overcome may be great, it may be overcome 
so slowly, that the total effect shall be but small* 
And, again, if the macliine is loaded very lightly. 
It will give great velocity to the load, though, 
from the smallness of its quantity, the effect will 
still be inconsiderable. Between these two loads 
there must be some intermediate one, that will 
make the effect the greatest possible. 

If the moving power observe the same law that 
has been akeady ascribed to animal force, viz, 

W = P(1 — ^]% (which will be afterwards 

shewn to be the law that regulates the force, 
t)f fluids in motion), the effect will be expressed 

l»y Wr^ or by P i (1 J , which is a maxi- 

H 3 tnum 
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mum when W = -jr-, and when © = 5- The 

4 
resistance should be - of that which the power, 

•f 

when fully exerted, is just able to balance, or of 
the resistance that is sufficient to reduce the ma- 
cMne to rest ; and the velocity of the part of the 
machine to which the power is applied, should be 
one-third of the greatest velocity of the power. 

I89. If, therefore, the moving power in anj 
machine follow the law expressed by the equation 



W=P(1 J ; and if the load or resist^ce 



that is just able to keep the machine at rest, or to 
prevent its motion altogether, be found by expe« 

riment ; then if the load be reduced to - of this 

9 

quantity, the effect of the machine will be the 
greatest possible, 

190. The moving power and the resistance be- 
ing both given, other things remaining as above, 
if a machine be so constructed that the velocity of 
the point to which the power is applied, be to the 
velocity of the point to which the resistance is ap- 
plied as 9 R to 4 P, the machine will work to the 
greatest possible advantage* 

The 
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^The velocities of the points just mentioned are capa- 
ble of being adjusted to any given ratio, on princi- 
ples that have already been explained. ^ 

Under the name of the Load, we suppose the fric- 
tion of the parts of the machine to be comprehend- 
ed, which musjt therefore be^determined bj experi- 
ment. 

191. Care should be taken to give to every ma- 
cliine the greatest possible regularity in its mo- 
tion; 

The contrivance known by the name of a Fly, is one 
of the best adapted for this purpose. When the 
impelling power is subject to alternate intention 
and remission, the inertia of a heavy wheel, by 
preserving the velocity it has acquired, tends to les- 
sen the irregularity resulting from thesfe causes. 

The effect of a fly, ta remove irregularity in the 
motion of a machine, its weight and diameter be- 
ing given, is proportional to its velocity. 

192. In wheel carriages, the equability of the 
motion is even of greater importance than in hy- 
draulic engines ; the sudden checks to motion ha- 
ving a more pernicious effect oh an animate, than 
It can have on an inanimate body. 

The improvement of roads, and the diminution of 

friction, is, in such cases, of great importance ; but 

that which corresponds most to the advantage de- 

riyed from the use of a fly, is the supporting of the 

H 4 weight 
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weight by springs, or' even giving elasticity to the 
parts by which the cattle are yoked to the carriage. 
The sudden action of the resistance, and the jerks 
which are the consequences of it, are thus taken 
away. The greater the velocity the carriage 
moves with, the more advantage is derived from 
this application of elastic force. 



1 
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OF THE DESCENT OF HEAVT BODIES ON PLANE 
AND CURVED SURFACES. 



193. The force which accelerates the motion of 
. a heavy body on an inclined plane, is to the force 
of gravity, as the sine of the inclination of the 
plane to the radius, or as the height of the plane 
to its length. 

If /= force accelerating the body on an inclined 
plane, of which the inclination is t, and i£ gzz 
force of gravity, /=§• sin t. Hence the motion of 
a body on an inclined plane, is a motion uniform- 
ly accelerated. 

S^Gravesande, § 382. ; Muschehbroek, § 608. : 
Galileo, DiaL III. Opere, tom. in. p. 106, &c. 

194. If 
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194f. If two bodies begin to descend from rest, 
and from the same point, the one on an inelined 
plane, and the other falling freely to the ground, 
|heir velocities at all equal heights above the sur- 
face will be equal. 

Hence the velocitj acquired bj a body in falling 
from rest through a gi^-eii height, is the same, whe- 
ther it faU freely, or descend on a plane any hoyf 
inclined, 

195. The space through which a body will de- 
scend on an inclined plane, is to the space through 
which it would fall freely in the same time, as 
the sine of the inclination of the plane to the ra- 
dius. 

The diameter of a circle perpendicular to the horl- 
2on^ and any chord terminating at either extremi- 
ty of that diameter, are fallen through in the same 
time. 

The velocities which bodies acquire by descending 
along chords of the same circle, are as the lengths 
of those chords* 

IgB* If a body descend over a series of inclined 
planes, at each of the angular points, where it 
passes from one plane to another, it loses a part of 
the velocity it had acquired, proportional to the 
versed sine of the inclination of the planes. 



If 
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If r be the velocit j it has acquired when it comes 
to any angle f ^ v x vers, f is the velocitj lost 



197. Any angle being given, it may be divided 
into angles, so small, that the sum of the versed 
sines of these angles ^all be less than any given 
magnitude. 

Hence the number of planes may be so increased, 
and their inclination to one another so diminished^ 
that though the change of direction between the 
first and the last be ever so great, the loss of velo* 
city in the descending body i^all be less than any 
given quantity. 

Hence, if the body descend in a curve, it suffers no 
loss of velocity. 

D'^Alembert, Traits de Dynamiqae, § 41. 

' This is true of the motion of a pendulum^ that is, of 
a body hanging by a thread, and swinging back- 
wards and fonvards about a fixed point. 

198. In a pendulum vibrating in a circle, the 
force which accelerates it when it approaches the 
lowest point, is nearly proportional to its distance, 
from that point. 

Hence the small vibrations of the same pendulum ace. 
nearly isocronous. 

. 199, If 
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199- If a pendulum vibrate in a circle, and if^ 
be the velocity acquired by a heavy body de- 
scending freely, in one second, the square root of 
g is to the square root of the length of the pendu- 
lum, as the number which expresses the ratio of 
the circumference of a circle to its diameter, is to 
the time of the least vibration of the pendulum, 
expressed in seconds. 

Let / be the length of a pendulum, tt the number that 
denotes the circumference of a circle, of whicli the 
diameter is 1 , and t ^ the time of one vibration of 
the pendulum in seconds, 



As the weight of the body does not enter into the ex- 
pression of the time, tlie vibrations of a pendulum 

are the same whatever be its weight* 

Hence the times of the vibrations of pendulums are 
as the square roots of their lengths. 

If t=l, ^=. length of the second's pendulum, and 
1 zizwl/- ; therefore g^Tt^ xl\ or I' — S-, 

If it be required^ having /', to find ^j g~ ^* x /. 

By help of this last formula, g is found more exactly 
than can be done by direct experiment. In the la- 
titude of London^ the length of the seconds pen- 
dulum = 39.126 inches. Hence g: ^ 32.18 feet. 

The 



134 OUTLINES OF HATURAt PHILOSOPHV^ 

The values both of g and f are somewhat different 
in different latitudes* The nature of this vaiiatioa 
mil be explained in Physical Astronomy* 



Centre of Oscillation. 

200. When a pendulum consists of two or more 
bodies, or of one body, from the figure and extent 
of which we are not permitted to abstract, it is 
called a Compound Pendulum ; and its centre of 
oscillation is a point in it, at such a distance fromi 
the centre of suspension^ that a simple pendulum 
of a length equal to that distance, will have the 
same angular velocity with the compound pendu- 
lum itself. 



201, The distance of the centre of oscillation of 
a compound pendulum, from its centre of suspen- 
sion, is equal to the sum of the products of each 
body into the square of its distance from the centre 
of suspension, divided by the sum of the products 
of each body into the simple power of its distance 
from that centre. 

If the bodies be A, B, C, D, &c. and iheir distances 
from the centre of suspension tr, by c, d^ fee. and * 
the distance of the centre of oscElation from the 
iame point, then 

Ag^-^BS^ + Cc^ + Drf^ 

■^ ^ Aa+B6 + Cc + Dd • 

This 
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•J ITbis value of a? in 4^duced from D^AitEimsiiy^a ff!i»» 
ciple, § 117, 

X is al«o\the length of the simple pepdylum i^oero* 
nous with the Qompound. 

If anj of the bodies are above the point of suspen» 
, sion, their distances from thiat poii^t are a<3pomute4 
»egati¥e, 

!SI02« If a cylinder, of which the altitude is a# 
and the radius r, be suspended from its vertex, thg. 
distaoce of the centre of oscillation from the ycr» 

Jf the radius r = 0, so that the cylinder colnclde« 
with a straight rod of inconsiderable thickne$s^ 

2a 
the distance of the ceiit;ri» of osciUatioQ is -^ , 

\Q03. In a cone suspended from the vertex of 
which the altitude is a^ and the radius of the base 
r, the distance of the centre of oscillation from th^ 

vertex is --- + ■—•• 
5 5<? 



204. If a sphere, of which the radius is w, be 
isuspeijded from any point on its surface, the dis-^ 

tancg 
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tance of the centre of oscillation from that point 

IS 1—. 
6 

WoLFii Elementa Math. torn. ii. § 459, 460. 

S05. If in an axis which divides a figure into 
equal and similar parts, different points be taken, 
by which the figure is suspended, the distances of 
the centres of oscillation from the centre of gravi- 
ty of the figure, will be reciprocally as the dis- 
tances of the points of suspension from the same. 

This proposition holds of solids as weU as of plane 
figures. 

206. The centres of suspension and oscillation are 
convertible, that is, if the centre of oscillation in 
any body or system of bodies be made the point of 
suspension, the former point of suspension will be- 
come the centre of oscillation. 

The first author who treated of the pendulum and the* « 
centre of oscillation, was Hutgens, in his Hondo* 
gtum Oscillatortum^ Opera Varia, torn. i. p. 61, 
&c. See also S'Gravesande, § 404, and 484. 
MuscHENBROEK, § 640. Bo8suT> Mcchanique^ 
§ 401, 405. 



Heavy 
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Uewoy Bodies descending on a Cycloidal Surf act. 

207. If a circle DHO (fig. 11.) roll along a 
line AB, until the point V in its circumference, 
which touched the line AB in A, come to touch it 
again in B, the curve AVB, generated by the 
point V, is called a Cycloid. 

The line AB is called the Base ; DV, which biseefci 
AB at right angles^ the Axis of the Cycloid ; anA 
the circle DHO, the Generating Circle. 

If AC and BC be two semicycloids, or semicjrcloidal 
cheeks, each equal to the half of AVB, touching 
AB in A and B, and touching one another in C ;^ 
and if there be fixed at C a pendulum D, hanging 
ly a thread PTC, equal in length to the semi- 
cycloid, P in its vibrations will describe the cycloid 
AVB. 

208. A pendulum being thus made to vibrate in 
a cycloid, is at every moment of its descent acce- 
lerated by a force proportional to the arch of the 
cycloid, between it and the lowest point. 

Hence the vibrations of this pendulum, whether great 
or £mall^ are all of the same duration. 

20P. If 
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209. If / be the length of a pendulum vibrating 
in a cycloid, the time of a vibration, whether great 

6r small, will be ^k/- . 
g 

210^ The line in which a heavy body descends 
in the least ^ime from one given point to another, 
Jiot in the same horizontal plane, nor in the same 
Vertical line with it, is an arch of a cycloid, ha- 
lving for its base a horizontal line drawn thtoUgh 
the uppermost of the given points. 

Hence the cycloid is called the line of swiftest dc- 
scent. 



The problem of finding the line of swiftest descent ^ 
first proposed by Johh Bernouilli, Acta JErudiiO' 
runty 1697. Though the solution of it requires the 
assistance of the higher geometry, more elementary 
demonstrations have been given by several authors, 
particularly by Maclaurin, Fluxions^ vol. 11. § 674, 
&c. ; and by Frisius, Cosmographta^ Introd. § 22^ 
kRd23. 



Sect. 
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Dotation of bodies* 



Rotation about a Fixed Axis. 



211. Let a, B, C, D, ^c. (fig, 12.) be a system 
of bodies in one plane, so connected as to be im- 
moveable in respect of one anotier, but moveable 
about an axis at right angles to the plane, and 
passing through a given point S ; let «, A, c^ i/, be 
their distances respectively from S ; and let a force 
act on one of the bodies A, such that if A were 
unconnected with the system, it wnuld receive the 
velocity w, in a direction at right angles to the ra- 
dius fl ; let » be the velocity which it actually ac- 
quires when it makes a part of the system ; 

_ ha^ U ^ 

^ "" A £f^ + li b' + C c* + O £i" " 

That is, if each body be multiplied into the square 
of its distance from the axis of rotation, the sum 
of all these products, is to the product of A, into 
the square of its distance from the same ax.is, as 
the velocity which A would have had if it had 

I been 
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been free to move by itself, to the velocity which 
it has as a part of the system* ' 

ThLs is proved, by consideriiig that A {m — r) is the 

motion lost by A, and MH, ^, £^f, the 

a a a 

motions gained by Bj C, and D; and that these 
last mustj by D'Alemhert's prmciple (§ 117.), be 
in equilibria with the former ; whence the equation 

Ka(u — v) = (B £^^ + C e + Dd^) £, from which 

a 

the value of t> is obtained. 

Prom the demonstration, it is evident, that the mo- 
mentum of the system relatively to S, is found bj 
multiplying each body into the square of its dis- 
tance from S, and the sum into the velocity at A. 

The angular velocity is found by dividing both sidei 
by a ; this gives 

V _ Kan 

a ~ Aa^ + B6^ + Cc*^Dd^* 

The quantity - is tlie value of the angle described 

round S in one second, expressed in parts of the ra- 
dius. If it is required in degrees and minutes, the 
above value must be multiplied by 57°.29578, the 
number of degrees in an arch ec|ual to the radius. 

These propositions hold not only of a system of bo- 
dies in one plane, but of a system in different 
planes, if we suppose perpendiculars drawn from 
them to the axis of rotation. 

gl2. If 
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212. If ^, f*, ^", be the angles which the radii 
drawn from S to B, C, D, (fig. 13.) make with 
the radius drawn through A, and if in this latter 

radius a point P be taken, distant from S by the 
quantity 

H Aa -^B b cos ^-}*i}c cos ^' ^ D d cos 9'^' 

the point P is such, that if an obstacle were ap- 
plied there sufficient to resist the rotation of the 
system, no motion would be communicated to the 
axis at S ; or, which is the same, though the axis 
at S were not fixed, the system would have no ten- 
dency to revolve about the point P* 

The point P is called the CaUrt of Percussion* 

This proposition is investigated by assuming P, 

I drawing PO paraUel to BS^ and BO perpendicu- 
lar to it. The momentum of B relatively to P ia 
the same as if it were placed at O, and is therefore 

2 1 3. Any system of bodies being given, a point 
may be found in which if all the bodies were 
lected, a force applied at any distance from 
i2 the 



B X — (6 — a: cos fi). 



The sum of the momenta 



computed in this way is equal to 0, and thence the 
value of A, or SP, 
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the axis, would commonicate to the hodies thus 
collected the same angular velocity that it would 
have commimicated to the system in its first con- 
dition. 

The point thus found is called the Centre ^Cfyra^ 
Hon. 

Its distance from the axis of rotation is 

^ A+B+C+D ■ 

Atwood on Rectilinear and Rotatory Motion^ p. 311, 
212, 

As every body may be considered as a system of phy- 
sical points, it is evident that the preceding propo* 
sitioDs are of general application. We shall give 
examples in the cases of the cylinder and the 
sphere. 

214* Let AD BE (fig. 14.) be a cylinder move- 
able about an axis passing through C its centre ; let 
the radius of the cylinder be given z~ r, and also 
its weight ri W y and let another given weight F 
hang by a cord BF, wound round the cylinder. 
Required, the force accelerating the point B, and 
the velocity which it will acquire in the first se- 
cond of its motion* 



The 
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The sum made ty multiplying each particle of the 
cylinder, into the square of its distance from the 
axis, supposing the thickness of the cylinder, in the 
direction of that axis^ to be m, is found by fluxions, 

or the quadrature of curves, to be 4 ?r m r , and 
therefore (by § 21 L) the velocity acquired in the 
first second by the circumference of the cylinder is 



_ 2Fr\g _ 

2Fr* + 9rmr4 



2T.g ., 



w m r'* =^ the solidity of the cylinder), ~ 

^ T?~ w * S l*cing the velocity acquired by a 

heavy body in the first second of its descent. 

As 2 F + W to g F, so the force of gravity to the 
force accelerating the cylinder at its surface* 



215. The quantity Aa^+Bb\ &c. in § 21 L, 
which is the sum of all the products made by muU 
tiplying each particle into the square of its distance 
from the axis of motion, is called the momentum 
cf'the inertia of the revolving body. It is compu- 
ted for any given body, either by the method of 
fluxions, or the quadrature of curves, 

£16. Let the circle ADB (fig, 14.) represent 
a sphere moveable about an axis that passes 
through the centre C, and is perpendicular to the 
plane of the circle ADB ; and let it be put in mo- 

1 3 tion 
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tion by the weight F hanging from B. The ra- 
dius of the sphere r, its weight W, and that of the 
body F being given, it is required to find the ve- 
locity which the point B acquires in one second, 
or the force by which it is accelerated. 

The momentum of inertia computed for the sphere, 

is ~ 7 rs, and therefore the accelerating force at 

B is-Jlr!^^— = ^;g . AsScrrS 

is the solidity of the sphere, if W be substituted 

for it, the aboTe expressicm becomes — ~ — '^ — . 

F+±W 

Therefore F + ^ W is to F, as the f&tee of gra- 

vity to the accelerating force at B, the equator of 
the sphere* 

SI 7. If the motion, instead of being produced 
by a body hanging from the sphere, and partaking 
t>f its velocity, were communicated by the impulse 
of F, moving with a given velocity c^ in the di- 
rection of the tangent at B, and striking against 
the radius produced, the velocity communicated 

would be -^^ — 

The solution of the two last problems might be deri- 
ved from the supposition, that the whole mass was 

collected 



MICHANICS. 135 

«0lkcted io the centre of gyration. The question 
would th^Ei be reduced to the simplest case of 
§ 211. where the system consists only of two bo- 
dies. The preceding solution is, however, more 
direct. 

218. If in the two preceding cases, W and F be 
both supposed to be sustained by the axis when 
the whole is at rest ; the part of the weight of F 
of which the axis is relieved when the motion be- 
gins, is to the whole weight of F, as the force by 
which it is accelerated to the force of gravity. 

Thus, in the instance of the sphere, the pressare.om 
the axis is diminbhed by the quantity 

*" xF. 



P+^W 



1 



IfWrrSOOlb., FrrlOlb.; ^ =' so that 

F+^W 6 

Ae diminution of pressure is 2 lb., and therefore 
the whole pressure, when the motion taLes place, 
is 308 lb. 

If it were required to find directly the part rf F 
presfsing on the axis, it will come out 

W 

= 2 — ^ ^^ which, in the last example, 

W + jjF 

would amount to 8 lb. 

Atwood on Rectilinear and Rotatory Motion^ § 6. 

p. 183., &c. Frisii Mechanicay Opera^ tom. ii. 

I 4 p, 133., 
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p. 139., &c. ViNCE on the Printiplts of Pragra^ 
atvc and Rotatory Motion. Phil. Trans, 178CV 
p. 546.; &c. 



Rotation on a Moveable Axis, 



219. When the impulse communicated to a bo- 
dy is in a line passing through its centre of gravi- 
ty, all the points of the body move forward with 
the same velocity, and in lines parallel to the di- 
rection of the impulse communicated. But when 
the direction of the impulse communicated does 
not pass through the centre of gravity, the body 
acquires a rotation on an axis, and also a progres- 
sive motion, by which its centre of gravity is car- 
ried forward in the same straight line, and with 
the same velocity* as if the direction of the impulse 
had passed through the centre of gravity. 

The progressive and rotatory motion are independr 
ent of one another, each being the same as if the 
other had no existence. 

This is a consequence of the general law. That the 
quantity of motion estimated in a given direction 
is not afl'ected by the action of the bodies on one 
another. The revolution of a body on its axis 
arises from an action of this kind, and can neither 
increase nor diminish the progressive motion of the 
^hole mass. 

The 
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The progressive motion, if the moving force and the 
body moved are given, is determined by the prin- 
ciples of Dynamics ; and the rotatory motion u 
computed, as if it were about a fixed axis, by the 
propositions Just laid down. 

When ^ne impulse only is communicated to the bo- 
dy, the axis on which it begins to revolve is a line 
drawn through its centre of gravity, and perpendi- 
cular to the plane that passes thj'ough that centre, 
and the direction of the impulse. 

gee Frisius dc Roiatmnc circunt Axcm Motum^ theor. v. 
OptTQi torn. II. p. 157. 

220* When a body revolves on an axis, and a 
force i« impressed, tending to make it revolve on 
another 9 it will revolve on neither, but on a line 
in the same plane with them, dividing the angl^ 
which they contain, so that the sines of the parts 
are in the inverse ratio of the angular velocities 
with which the body would havp leyolved about 
the said axes, separately. 

This proposition was discovered by Faisi, and is de- 
monstrated in his works, uhi supray p. 134. See 
also the CommgrapMa of the same author, vol ii. 
p. 24. 



221* If a force be impressed on any body, by 
which it is made to revolve on an axis, the quan- 
tity of its momentum, estimated by collecting in- 
%o one sum all tlie products of the particles into 

their 
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tbeir velocities, and their distances from the axis 
of motion, is equal to the momentum of the force 
impressed, estimated in the same manner. 

Hence, thougb^ in consequence of the rotation of a 
body 00 its axis, a change maj take place in its 
figure, or in its internal structure, the total quanti- 
ty of its momentum will continue the san^. 

S22. A body may begin to revolve on any line as 
an axis, that passes through its centre of gravity, 
but it will not continue to revolve permanentlj 
about that axis, unless the opposite centrifugal 
forces exactly balance one another. 

A homogeneous sphere may revolve pennanently on 
any diameter, because the opposite parts of the so- 
lid, being in every direction equal and similar, the 
opposite centrifugal forces must be equal ; so that 

no force tends to change the position of the axes. 

A homogeneous cylinder may revolve permanently 
about the line which is its geometric axis. It m^y 
also revolve permanently about any line that bi- 
sects that axis at right angles ; but it can revolve 
permanently about no other line, as the centrifugal 
forces cannot be equal. The same is true with re- 
spect to all solids of revolution. 

223. In every body, however irregular, there 
are three axes of permanent rotation, at right 

angles 
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angles to one another, on any one of which, when 
the body revolves, the opposite centrifugal forces 
exactly balance one another. These are called the 
Principal Axes of Rotation. 

This singular theorem was first proposed by Segner 
in 1755, and first demonstrated by Albert Euler, 
in a Memoire crowned at Paris in 1760. Leoit. 
EuLER has also given a demonstration of it in his 
treatise de Motu Corporum rtgidorum, prob, 27, 
See also Frisius, de Rotationt Corporum quorum^ 
cunquCy theorema vii. ubt supra, p. 194. 

These three axes have also this remarkable property^ 
that the momentum of inertia with respect to any 
of them, is either a maximum or a minimum, that 
is, is either greater or less than if the body revol- 
ved about any other axis. Leon. Euler, ubi su^ 
pra. The momentum of inertia has already been 
defined, to be the product of every particle into the 
ij^uare of its distance from the a^is of rotation. 



Sect, 
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APPENDIX. 



CONSTRUCTION OF ARCHES* 



224- If ABCD, DCEF, EFGH, &c, (Fig. IS.) 
be a series of truncated wedges, resting on two 
immoveable supports, and having the planes of the 
faces that press against one another perpendicular 
to a vertical plane, represented here by the plane 
of the paper, they will be in equilibrio^ if their 
weights be proportional to the differences of the 
tangents of the angles which these planes make 
with a vertical plane given in position. 

Thus if the weights be as the differences of the tan- 
gents which ABj DC, EF, &c. make with the ver- 
tical MN5 the whole will remain in €quilibrio. This 
follows from the properties of the wedge already 
enumerated. Prony, Architecture, Hi/drauL torn. t. 
§356. 

Truncated wedges disposed in this manner, form what 
are called Arches in architecture, and the most ad- 
vantageous construction of them rec|uiresj that the 
parts should be so adjusted as to be in equiiibriOy or 
to balance one another by their weight only. An 
arch, of wliich the parts balance one another in 
this manner, is called an Arck of Equilibration, 

Some 
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Some other definitions are necessary for under- 
standing the construction of these arches. The 
truncated wedges of which the arch is composed, 
and which are usually of stone, are called the Vous- 
eoirs; each course of these wedges forming one vous- 
aoir. The central voussoir is called the Key-«tone. 
The surfaces which separate the voussoirs from one 
another, are called the Joints* The interior curve 
of the arch is called the Intrados ; the exterior, or 
that which limits all the voussoirs, when they are 
in equilibrium, is called the Extrndos. The Abut- 
ments, are the masses of masonry, at each end, 
that support the arch. The beginning of the 
arch is called the Spring of the arch ; the middle^ 
the Crown ; the parts between the spring and the 
crown, the Haunches. 1 he part of tlie abutment 
from which the arch springs, is termed the Im- 
post. 

The theorem above is sufficient for the construction 
of arches, inasmucli as, when the curve of the 
intrados is given, it determines the weight of every 
Individual voussoir. The application of it, in par- 
ticular cases, admits, however, of being greatly 
simplified. Thii happens remarkably when the 
arch is a circle, and when the joints, (which are 
usually made perpendicular to the cui*ve of the in- 
trados), intersect in the same point. 

225. In a circular arch, the weights of the vous- 
aoirs should be as the differences of the tangents 
of the aiches, reckoned from the crown- 

~ This 




143 OUTLINES OF NATURAL PHILOSOPHY. 

Tills is noUimg more than the general propositton 
above, ftpplicd to a particular c«u»e. In Fig. 16. 
if B be the crown of a ciixrular mch, the weight 
of the voussoir LKNM BhoulJ be to that of the 
voussoir MNPO, as the tangent of BN immis the 
tangent of BK, to the tangent of BP minus the tan- 
gent of BN ; or if, from a given point D, DH be 
drawn pei^endicular to AC, and if the joints KL, 
&c, be produced, to cut it in E, F, and G, the 
weights of the voussoii's must be m the segments 
DE, EF, F€r, in order to produce an equilibrium. 

As the stones tliemselves cannot always be made in 
the proportion thus required, the wedge*, of which 
they make parts, are supposed to be extended up- 
w ard by courses of masonry. The whole mass in- 
cluded between the planes of the joints produced, 
as fai' as that masonry extends, is understood to 
make up the weight of the voussoir. It is the 
Inisiness of the theory to calculate this weight ; and 
to cotistruct the curve which bounds the voussoirsj 
wlien BO produced. 

^6* In an arch, of which the intrados is a 

circle given in position, the depth of the key-stone 
being given, it is required to describe the curve of 
the extrados. 

Let AGE (fig. 17.) be one-Iialf of the arch, C the 
centre, AB the height or depth of the key-^tone. 
From the centre E, intersect CA, with a distance 
equal to CK, in D; and tlirough D, draw DH 
perpendicular to AC ; and tlirough G, any point iiv 

the 
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the intrados, draw GC, intersecting DH in F- 
Let FL be perpendicular to CE; join LB, and 
produce CG, till CK be equal to LB ; Iv is a point 
in the extrados ; and in the same way niaj inau- 
merable other points be foand. 

The line CK is always greater than CF, but ap- 
proaches to it as the arch AG increases, so that 
DH is an assymptote to the extrados. 

The equation to the extrados is easily deduced from 
this construction. Draw KO perpendicular to CEL 
Let CO = X, OK =2/, CA zz a, CD = ft, the equa- 
tion to the curve is 

,. ^ (^--ff)y-i^\ and 



The extrados, in the case of a circular arch, is, therc-^ 
fore, a curve of the fourth order, very much resein^ 
bling the Conchoid of NicosfEDES. It has an as- 
synqptote DH, and also a point of contrary flexure, 
«o that it coincides very nearly with the curve in 
which a road is usually carried over a bridge- 
Instead of 6% it may be convenient to have its value 
in terms of a, and the depth of key*stone di 
vin. b^-z2ad'¥ d\ 

All this holds, whatever portion of a semicircle the 
arch be supposed to consist o£ 



2 



1227- In 
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227» In an elliptic arch, or one of which the in-* 
trados is a semi-ellipsis, if 2 a be the span of the 
arch, or the longer axis of the ellipsis, and b the 
height of the arch, or the semi -conjugate axis of 
the ellipsis ; then, if from any point in the curve, 
a perpendicular .r be let fall on the longer 
axis, the weight of the key-stone is to the weight 
of the voussoir which has its middle at the point 
from which the perpendicular is let fall, as a^ 



to 



^^^a'+^^x^^ 



Hence, if W is the weight of the key-stone, and V 
that of the voussoir, 



V = 



V^' + 



1!EE 

a- 



W. 



This is the same with the theorem given by Bossut 
(Recherckes sur PEquilihre des Voutes, § 14.), 
though the expression is somewhat changed, with ft 
view to facilitate the numerical calculation. 



228. If the weights of the voussoirs are all equal," 
the arch of equilibration is a catenarian curve, the 
same that a chain or cord of uniform thickness 
would assume if hanging freely, tlie horizontal 
distance of the points of suspension, being equal 
to the span of the arch, and the depth of the low- 
^ est 
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^^ est point of the chain being equal to the greatest 
Htlieight of the arch. 



It can be easily shewn, that if the figure of the chaip 
were reversed, the joints being such, that the 
force which was a pull in the first situation becomes 
a thrust in the second^ the chain would support it- 
self, and remain in tqnilihrio. 



The equation to the catenaria, if x be the abscissa, 
taken from the vertex along the axis or vertical 
line, and y the con'esponding ordinatej is 



y — Ax hyp. log. 



Ah-^ + V^ A:t-h^^ 



The constant quantity A may be determined by ex* 
periment ; for, the chain being suspended, let a tan- 
gent be drawn to any point of the curve, and pro- 
duced till it meet the axis ; then, as the subtan- 
gent to the ordinate, so the length of the chain, be- 
tween the given point and the vertex, to the quan- 
tity A, When A is found, the curve can be con- 
structed. 

For the properties of the catenaria, see J. Be a* 
NOUfLLT, LediontA Calc, Integ. Ltct. 36. Operum, 
torn. III. p. 491. David Gregory, Fhih Trans. 
1697. Cotes 5 Harmonia J^ensurarumf p. 108., and 
Notes, p. 115. 

The catenaria is remarkable for this mechanical pro- 
perty, That a chain banging in that curve, has its 
centre of gravity lower than if it were disposed in 
any other line, its length continuing the same, 
and also the points from which it is suspended . 
K An 
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An arch, therefore, conBtructed in this form^ has 

its centre of gravity the Ligluest possible. 



229. The pressure of an arch on the piers or 
abutments which support it, may be estimated by 
coni>idering the parts of the arch which rest im- 
mediately on the abutments to a certain height, 
as parts of the abutments themselves ; and the re- 
mainder of the arch as a wedge, tending to se- 
parate the abutments from one another. 

Thus (fig. 13.), the parts ALMS, BONT, which 
would remain in their places, though there were no 
pressure from above, may be regarded as parts of 
the piers ; and LMDNO, the remainder of the 
arch, as a wedge tending to overthrow the piers hj 
its pressure on the planes ML and ON. On these 
suppositions, the thickness of the piers may be de- 
termined, so that their weight shaO enable them to 
resist this pressure. If from a point H, in the verti- 
cal EC produced, perpendiculars HK, HX, be 
drawn to the planes ML and ON, and if HU be 
taken to represent the weight of the arch MLOND, 
the parallelogram ID being descrihed, HI and HD 
will represent the two forces which compound the 
force UII, and each of them will represent the 
force with which the arch presses on its supports 
ML and ON. Let RK - HI, and let RK be re- 
solved into the two forces QK, KP, the one hori- 
zontal, and the other vertical, KQ tends to overset 
the pier, supposed moveable about the point F, and 
KP adds to its stability. If FG be bisected in W, 
we may suppose the weight of the pier at F acting 

by 
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by the lever FW, and KP by the lever FG, both 
tending to keep the pier in its place^ while the force 
KQ acts by the lever KG or FY to overthrow it. 
Farther, though the pier ii> properly only FGAG', 
yet it is usual to have it loaded with masonry to 
the height K, and even higher, so that its weight 
is proportional to the rectangle FK. This will 
give an equation between the forces, when their 
analytical expressions have been obtained. 

Angle UHI :=ft and VHI =2ft the area MLOND, 



= a\ EC = 



make HU e — 
r 



2 r cos g 
Hence QK := 



= KR. 



% r cos jS X sin ^' r sin 2 ^ 



then IH ^ 



and 



KP = 



2 r cos jS^ ' 



Let GK — h, and FG i^ ^, 



then the rectangle FK -^ h x^ and the line that re* 

presents the weight of the pier will be — • 

T 

Therefore, 



~ 2 2 r cm 3* 



X X ^ 



r sin 2 



X hy 



and hence, x z= ^ -f- au —^L- + ^ 



2Acosj3 



sin23 4A^cos3* 



This determination of the thickness of the pier, 

proceeds on a hj^jothesis usually employed for de- 

K 2 termining 
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temiiiung the Resistance of walls^ &:c. ; but whicbf 
nevertheless, is not very conformable to fact. The 
hypothesis is, that the pier AF, if the weight of 
the arch were too great to be sustained, would tkll» 
by turning round the point F as & fulcrum. Now 
this is not what would happen ; the part of the 
abutment behind SM would be thrust out in the 
horizontal direction, tiH the arch liad room to fall; 
it is therefore against the masonry imniediately be- 
hind the part AM, and chiefly in a horizontal di- 
rection, that the force is exerted. 

The resistance made by a wall, is, in this view of it, 
analogous to the friction of a body resting on a 
rugged surface, and has, no doubt, a given rntio to 
the weight of the wall, and may perhaps be regard- 
ed as equal to it. Thus the mass of building im- 
mediately behind SM^ should be of force sufficient 
to resist the thrust KQ ; or, the section of that 

part of the pier should he greater than 



sin 2^ 

We give this, however, only as a limit, to which it 
may he right to pay attention in the construction 
of such works. 

The true principles on which the resistance of walls 
is to be e^stimated, ai'e not sufficiently understood; 
and, in the mean time, a skilful and cautious engi- 
neer, can do nothing better than compute the re- 
sistance on different hypotheses, and take care that 
the actual strength be greater than any thing that, 
theory points out as necessary. 



230. As 
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50. As the wedges made by extending the 
voussoirs, according to the preceding theorems, 
would be of an inconvenient length near the spring 
of the archj it will be best to substitute for them 
such a resistance as does not press till it is pressed 
upon. 

Thus, if on the pier immediately behind the arch, 
there be raised a body of masonry formed of ho- 
rizontal courses of hirge stones, the voussoirs being 
continued no farther than to come in contact with 
the ends of tliose courises, the purpose of equili- 
brium will be answered, supposing the ^^ork of 
sufficient strength, because any of the voussoirs pres- 
sing against the horizontal courses, will Iiave its own 
defect of weight immediately supplied by their re- 
action. Each voussoir will then receive, with mathe- 
matical exactness, tlie precise degree of pressure re- 
quired for the equilibrium, and can neither have more 
nor less than that quantity. The upper part of the 
arch is here supposed to be loaded in the manner 
that strict theory requires ; to which there does not 
appear to be any practical olyjection. If the pier 
be an intermediate one between two arches, the op- 
posite pressure on the horizontal abutting courses 
will render their effect more certain. 

On the subject of Arches, see Hutton's Principles of 

Bridges. BossuT, Reckerches siir rEquilibre des 

Voutes^ MiTTu de TAcad. des Sciences^ 1774 and 

1776 ; also Mechaniqut of the same author^ edit 

k8 1802, 
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1802, p. 383., &c. Prony, Architecture Hydrau- 
lique, torn. I. § 358., &c. Atwood's Treatise on the 
CtmMtruction and Properties of Arches, published in 
IjSOl. This last work is particularly commend- 
able, for the great accuracy of the investigation, 
the minuteness with which the subject is consider- 
ed, and the various experiments brought in suppcxt 
of the theory. A Supplement, in two parts, w»!| 
added to it ; the last in 1804, 



STRENGTH OF TIMBER. 



231. If a beam of wood, of which the section is 
any given figure, having its area =: «*, have one 
end firmly fixed in a wall ; if ^ be the strength of 
each fibre estimated laterally ; d the distance of 
the centre of gravity of the section, from the edge 
where the fracture terminates, and round which 
the beam, when it is broken, turns as on a hinge ; 
let / be the length of the beam, measured from 
the wall from which it projects, to the end at 
which a weight W is hung, just sufficient to break 

it; Wyil-sd'y.d, and W = i^. 

The weights, therefore, required to break different 
beams, are as the strength of the individual fibres,, 
multiplied into the area of the sections, and into 
the distance of the centre of gravity of the sections 

from 
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from the points round which the beams turn in 
breaking, divided by their lengths. 

We are indebted to Galileo for this theorem. He 
was the first who attempted to reduce the strength 
of the materials used in the mechanical arts, to the 
measures of geometry and aritlmietic. Dialogo S€- 
condo, Opere^ torn, in* p. 63., &c. See also, ibitL 
p, 213,, a Commentary* on what Galileo has writ- 
ten on this subject, begun by Viviani, and com- 
pleted by GuiDo Grande, 

It is obvious, that the hypothesis of the beam break- 
ing short over, and turning as on a hinge, is" not 
the precise fact ; and therefore the conclusion dedu- 
ced from this hypothesis cannot be expected to be 
more than an approximation. It does not appear, 
however, that more refined views, or more compli- 
cated speculations, have led to results agreeing 
better with experiment than the simple hypothe- 
sis of Galileo, 



232» In a beam, of which the section is a rec- 
tangle, having the breadth i, and the depth c, 

J- b r^ 
W ^ -Y-r * The strength, therefore, all other 

things remaining the same, is as the breadth mul- 
tiplied into the square of the depth. 

This proposition has been brought to the test of ex- 
periment by BuFFOJf, in a great number of trials, 
made with great accuracy, and on a large scale. 
K 4 The 
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The beams he subjected to trial were of oak, from 
•even to twenty-eight feet in length, and from four 
inches square to eight inches. 

It appears from them, that the quantity called $ m 
the above formulas, or the strength of the ligneous 
fibre, is nearly proportional to the specific gravity, 
or to the weight of a given bulk, for example, a cu- 
bic foot of the timber* The weights required to 
break the beams were found to be very nearly aa 
the quantities i c\ the lengtli remaining the same. 
The real strengths, however, fell a little short of 
the computed, and the more, the longer the beam. 
In beams of different lengths, the variation of 
strength did not follow the inverse ratio of the 
lengths near so exactly as it did that of the othei' 
quantities Included in the formula. Hi^itoire Nalu* 
rdk par M. nu Buffon ; Suppkmmtj torn, iii 
p. 865., Sec. IS^io edit 



233, In a beam, of which the section is a tri- 
angle, having the base i, and the depth or perpen- 

r h f}^ 
dicular py when the base is uppermost, W ~ -~- ; 

but when the vertex of the triangle is upper- 
most, or the edge of the prism, W :^ — ^7* • 

The strength of a prismatic beam is therefore twice 
as great when a face is uppermost, as when the op- 
posite edge is uppermost. 

In 
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TnuKt manner, in a cylindric beam, of wLIcli the ra- 
dim IS r, W := — - — 



In a cylindric tube, the radius of tlie external surface 
lieing r, and of the internal r', 

" 7 "' 

The strength of the tube is therefore to the 
strength of the same quantity of matter, formed 
into a solid cylinder of the same length, as r to 

A tube may, therefore^ be much stronger than the same 
quantity of matter in a solid form. This is known 
to be agreeable to experience. But it is also said, 
that a tube of metal has been found to support a 
greater transverse strain than a solid cylinder, of 
the »arae diameter ; or that a solid cylinder, when 
bored in the direction of the axis, and a considerable 
part taken away, was stronger than before. 

This must undoubtedly arise from a change taking 
place in the position of the fulcrum or hinge round 
which the fracture is made. In the case of a cylin- 
der, and, indeed, of all soEds^ the fulcrum is not the 
mere outward edge, but a point in the interior ; on 
the one side of which the fibres ai'e elongated, and 
on the other crushed together. The point, then, 
which serir^es as the fulcrum, will be found with in 
the solid, at a greater or less distance, as the paiis 

resiiit 
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resist lengthening more than crushing. The con- 
sequence of this is, that when the centre of gravity 
and the fulcrum are hrought nearer -to one ano- 
ther , the strength of the beam or bar is diminish- 
ed. When the heart of a solid mass is cut out, as 
is supposed of the cylinder, the fulcrum, or the 
axis of the fracture, is perhaps kept nearer to the 
surface than when the whole is a solid mass. 
This, at least, seems to be the most probable ac- 
count that can, at present, bs g^ven of a pheno- 
menon not a little paradoxical, and not yet suffid- 
entlj examined. 

234. In similar beams, or solids, of the same 
substance, the strength increases as the square of 
the lenglihs ; but the weight increases as the cube. 
There is of course a limit, which, if a beam of a 
given shape, and of given materials, were to reach, 
it could only bear its own weight, and would be 
incapable of farther increase. 

Emeeson^s Mechanics^ scholium at the end of section 
viii. p. 111. 

235. When a beam, instead of projecting from 
a wall, is supported at both ends, it must break in 
the middle, and the termination of the fracture 
will be on the upper side ; and hence, when a rec- 
tangular beam is supported at both ends, it is able 
to carry twice as great a load as when it is sup- 
ported only at one end. 

When 
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Hlien th« section of the beam ia such^ that the centre 
of gravity does not coincide with t!ie centre of mag- 
nitude, as the tennination of the fracture, bj being 
brought from the under to tlie upper side, must 
change its distance from the centre of gravity of 
the section, a change of strength will take place al- 
so on that account. 



236. When a beam is supported at both ends, 
the weight which it is able to bear at any point, is 
inversely as the rectangle under the segments into 
which it is divided by that point. 

A beam, therefore, supported at both ends, and of the 
^ same section throughout, is weakest in tho middle. 

I A beam supported at both ends, and of a given breadth, 
^B will be every where of the same strength, if its lon- 
^B gitudioal and vertical section be an ellipse, having 
^H the beam itself for its gieater axis» 

237. From a given cylinder, to cut out the 
strongest rectangular beam possible. 

»Let the circle AC B (fig. 12.) be the base of the cylinder; 
at the extremity A, of the diameter AB, draw the 
tangent AH equal to the cord of 90**, draw HK to 
the centre K, and let it cut the circumference in C. 
If CE be drawn parallel to AB, and CD at riglit 
angles to it, the rectangle DE, under these lines, 
mfs the section of the strongest rectangular beam that 
can be cut out of the given cylinder. 
For it U easily shewn, that CD^ x CF, to which 
the strength of the beam is proportional (§ 232.), 
is greater in the rectangle thus determined, than 
in any other that can be inscribed in the circle. 

Am 
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As from the construction CL* = 2 LK*, if the radius 
be called r, LK = -!1, and CL rr r J\y 

so CF = ji^, and CD = 2r ^y/? . CD is, 

therefore, to CF, nearly as 7 to 6. 

In practice, as the tree from which the rectangular 
beam is to be tut, can hardly ever be truly cylin- 
dric, the first thing to be done is, to inscribe, by 
trial, the greatest circle possible, in the section^of 
the tree. The rectangle may then be found by the 
construction abore. 

. 288. If it is required to find the strongest rec- 
tangular beam under a given perimeter or circum- 
ference, divide the given circumference into six 
equal parts, and take two of these for the depth 
of the beam, and one for its breadth. 

These propositions are understood to be applicable^ 
not only to beams of wood, but to bars of iron, or 
any other metal. 

239. If a beam, having one end firmly fiied in 
a wall, project from it with a certain inclination 
to the horizontal plane, the weight which it will 
support at its extremity, is greater than that 
which it would support if horizontal, in the ratio 
of the square of the radius to the square of the co- 
sine of the inclination. 

That 



Tiiat is, if W be the weight wluch a beam can support 

in a horizontal position, — — is the weieht it can 
^ cos t* 

support when inclined to the horizon at the 
angle i. 



The proof of this proposition proceeds on two prin- 
ciples, that the momentum of the weight is dimi- 
nished in the oblique beam, by its peqiendicular 
distance from the fulcrum being diminislied, and 
that the resistance of the beam is increased by the 
centre of gravity of tlie section being carried far- 
ther from the fulcrum. Each of these being in the 
inverse ratio of the cosine of the inclinatioUj their 
joint effect is in the inverse ratio of its square. 

It is implied in this reasoning, that the resistance of 
each fibre is the same to the oblique and to the di- 
rect fracture. Though this seems probable^ it is not 
altogether certaiUj and it would be useful to have 
experiments directed to the clearing up of this dif- 
ficulty. If the individual fibres resist fracture also 
in the bi verse ratio of the cosine of the obliqui- 
ty, the strength of the beam will be in the inverse 
atio of tlie cube of that cosine. This is observed by 
Guiuo Grande J in the treatise already referred to- 
Opcre di Galiljso, torn, iii, p. 271, 

240. The theory in the preceding propositlou 
being admitted^ the force of a. beam to resist the 
action of any strain, will be inversely as the square 
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of tlie sine of the angle which the direction of that 
strain makes with the direction of the longitudi- 
nal fibres of the wood. 

According to this, the strength of the beam to resist 
a force applied to it endwise is infinite. This is no 
doubt take ; but the force in the case of a longftu- 
dinal pall or thrust is so great, that no practical 
error will arise from it. The cause of the error 
in this extreme case is, that the beam does not, nor 
cannot^ obej the law of continuity^ wliich would re- 
quire, that when, by varying Ms inclination, it be- 
comes quite upright, its longitudinal section should 
he infinitely extended. 

From this theorem, it is e^^dent, that great advantage 
is obtained by making the strain on all timber as 
oblique or as nearly longitudinal as possible. This 
is the great principle in the construction of roofs 
and centres of bridges. The principle of the Arch 
should also be combined with it, so that pressure 
downwards may be so applied as to produce a pull 
or thrust upward. See the article by Professor Ro- 
111 soK 071 ike Strength of Timber , in the Uncyclopa- 
dia Briiannim, 

In the preceding theorems, no account is made of the 
weight of the beams, a circumstance that it is of- 
ten necessary to be considered. Tliis may always 
be done by supposing the weight of the beam to be 
an addition to its load, collected in its centre of 
gravity. On this the following theorem is fouud- 
ed. 

24L If 
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241. If a rectangular beam, fixed in a wail, 
project horizontally to the length / ; if the depth of 
its section be a, and the weight of a cubic foot of 

die timber be J9; then if /== ylf., the beam 

P 
will be just able to support its own weight. 

To apply this. Uifiorem, the value of « must be found 
fiWA experknent. In the ease of a rectangular 

tieam, we kave sab.-^ :=: Vf x-^y supposing the 

beam supported at both ends, § 335. ; and therefore 

W X I 

« = — s-r— . In BuFFON^s experiments, ab was a 
(to 

square ; and in . one where a was six inchei, and 
I equal sevea feet, W was 19250 lb. Therefore, 

^^ l«2^.x7 _ 19350 X 56 = 1078000. In 

8 

this same experiment, the weight of the beam was 
128 lb., and therefore a cubic foot weighed 73.2 

=rp, 8o ti«t « =r Ji^ r= 86.8 feet nearly. 

The followmg Table contains the mean results of 
BuFFON^s experiments. They were made on oak 
beaCns, cut from trees newly felled, and full of sap. 
The weight of the timber varied from 73 to 75 
French pounds to the cubic foot; its strength va- 
ried in the same proportion. 

2 Tablk. 



l60 OUTUNES or NATURAL PHILOSOPHY. 




Table. 



Len";th 

of the 

Beams. 


Breadth or Thickness. 


4 inches. 


5 Inches. 


6 inches. 


7 inches. 


Feet. 

7 


Lb. 
5312 


LI). 
11525 


Lb. 
18950 


Lb. 


8 


4550 


97S7.i 


15525 


26050 


9 


4025 


33084 1 


13150 


22350 


10 


3612 


7125 


11250 


19475 


12 


2987 


(J075 


9100 


16175 


14 




5300 


7475 


13225 


le 




4350 


6362i 


11000 


18 




3700 


55621 


9245 






3225 


4950 


8375 



Buffo??, Hist Naturelle^ Supplement^ torn. rii. p, 260. 
12n*o edit. Varis 1779. For a comparisoD of the 
strength of different kinds of wood, kc. See Exer^ 
Boy^s Mechanics^ Meciion viii. ncAoiium at the end, 
AluscHENcnoEK, § 1127, ott the Strength of Tim- 
ber^ and § 1129, &c. on the Strength of Metals. 
See also Collomb^ Applicaiion des Regies de Ma- 
xim is et Minimis d quelques Pruhl ernes relatifs a 
Architecture^ Mimmres FresenteSf voL vii. (1773)i 
p, 343., &c. 
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Sect. I. 



PRESSURE OF FLUIDS. 



JB42. A FLUID Is a body so constituted, thM its 
parts are ready to yield to the action of any pres- 
siire^ however ^mall, in any direction. 

NswtON, Prindpiaf lib. ii. sectio 5. in^ initio. Ar-» 
C9I1IEDES dc.Insidntiiua Humida. 

The science which applies the principles of l)yna« 
mics to fluid bodies is Hydrodynamics, and is di-> 
Tided into four parts, according as fluids are in- 
compressible or elastic, and according as their equi- 
librium or their motion is considered. 

When fluids are incompressible, like water, the sci- 
ence which explains the laws of their equilibrium is 
called Hydrostatics^ and that which explains the 
laws c^ their motion is called ttydrauUcs. When 
L they 
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thej are compressible and elastic, like air^ the sci- 
ence which treats of the laws of their equilibrium 
ii caUtd Jt'roBtaiies, and that which treats of their 
motion is Pneumatics. 

The fluids here treated of, are supposed to gravitate 
in lines either parallel, or directed toi^a centre, or to 
several centres. 

243. The surface of every fluid, when at rest, is 
horizontal, or perpendicular to the direction of 
gravity. 

If the directions of gravity are all parallel, the sur- 
face of the fluid is a plane : If they converge to a 
point, the syrface of the fluid is a portion of a 
spherical surface, having that point for a centre. 

BosscT, Hydrod. torn. i. § 19. Cavallo, vol. ii. 
chap. iL prop. 3. 

Levelling is the art of drawing a line at the surface 
of the earth, to cut the directions of gravity every 
where at right angles. 

This line is nearly an arch of a circle, and if L be the 
length o&any such arch in English miles, and D 
the depression, in feet, of one extremity of it, be- 
low a tangent drawn to it at the other extremi- 

If a communication, by means of a tube br jpipe^ ei- 
ther straight or crooked, be made beiwe^'the wa- 
ter 
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ter in one vessel, and that in another, tfce surfaces 
of both win come to be at the same level before the 
water is at rest ; or if there is not water sufficient 
to bring both to a level, the whole will be accumu- 
lated in the lowest. 

If water is permitted to flow freely from one vessel 
to another, it will nevef be at rest till it is the low- 
est possible. 

244- The fluid contained in any vessel, being at 
rest, and subjected to the sole action of gravity, 
any particle of it is pressed in all directions, (ver- 
tically, horizontally, and obliquely), by the same 
force, viz. the weight of the column of water per- 
^^pendicuJarly incumbent on it. 

^H Bo88UTj Hydrodj/namique^ voL I. § 23. 

^^ 245, If the fluid contained in any vessel be at 
^f rest, and subjected to the action of gravity only, the 
r pressure on an indefinitely small area, at any point 
of the bottom or sides, is perpendicular to tlie 
plane of that area, and equal to the weight of a 
vertical column of the fluid, stantKng on it as a 
base, and reaching to the surface. 

Hence the pressure on any part in the bottom or 
sides of a vessel, depends entirely on the depth of 
the fluid at that point, and not at all on the extent 
of the fluid in a horizontal direction. 



l2 



246- The 
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246. The same being supposed, as in the last 
proposition, the whole pressure sustained by any 
portion whatever of the bottom or sides of the ves- 
sel, is equal to the weight of a column of the fluid 
having for its base the surface pressed on (extend- 
ed into a plane if necessary), and for its ahitude 
the mean depth of the incumbent fluid. 

Cote's H^drostulical Lectures. Bossut, Htfdrodj/n. 
voL I. § f 6, 

The mean depth of any portion of the surface of the 
bottom or sides of the vessel, h the same with the 
distance of the centre of gravity of that portion be- 
low the surface of the fluid. 

The strengtli of the walls nccessar}^ to resist the pres- 
sure of a fluid of any given depth, is determined 
by this proposition. 

If the figure of the vessel he such as is representedt 
(fig. 20.) the pressure on every point of the bot- 
tom is the same as if it were filled vnth fluid every 
where to the height FEG. Hence the pressure of 
a fluid on the bottom of a vessel may he very 
great, while the weight of the fluid is very smaU ; 
and hence also the addition of a small quantity of 
water in the neck or tube HE, may increase the 
pressure on CD in a very great proportion. This 
is called the Hydrostatic Paradox. 

£47- A body immersed into a fluid is pressed 
upwards by a force equal to the weight of the 
fluid it displaces, and the direction of that force 

passes 
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fifisses through the centre of gravity of the part 
immersed. 

The proposition holds, whether a body sink in a fluid 
or float on its surface* 

When a body floats, the weight of the water diipla* 
ced is equal to the weight of the body, 

243. The difference between the absolute weight 
of a body, and its weight when entirely immersed 
in a fluid, is the same with the weight of a quan- 
tity of the fluid equal in bulk to the body. 

If W be the weight of a body in vacuo, (which we 
may suppose to be nearly the same witb its weight 
in air), and if W be its weight in water, W — W 

is the weight of a quantity of water equal in bulk 
to the body. 

It follows from § 30, that the weight of any body di* 
vided by the weight of an equal bulk of water, 
measures the spedjtc gravity of the body. The 
specific gravity of a body weighed as above, ii 

W 
W — W' 

Hence the specific gravities of bodies are found by 
weighing them^ first in air, and then in water 
The instrument with which this experiment is made 
is called the Hydrostatic Balance. 

249. Let it be required, by the hydrostatic ba- 
lance to determine the specific gravity of a body 
SQ light as not to sink in water. 

1.3 Weigh 
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Weigh the body first iii air, and then bj a slender 
thread attach to it a heavier body» that the two to- 
gether may sink ; the heavier body being previoua- 
ly weighed^ firit in air, and then in water* Let 
the compound body thus formed be weighed in 
water ; then from the weight lost by it, subtract 
the weight lost by the heavier body, when weigh- 
ed singly ; the remainder is the weight lost by the 
lighter body^ by which if iti weight be divided, iti 
specific gravity will be found, 

Cavallo, vol. II. p. &L His solution is a little di 
ferent from this, but the result is the same. Se 
the examplei ibid. 

250. If the same body be weighed in two diffe- 
rent fluids, the weights lost will be to one another 
as the specific gravities of the fluids. 

By help of tliis proposition, the specific gravities of 
different fluids may be compared together. 1 he 
specific gravities of different fluids may also be 
found, by weighing equal bulks of them. 

If a body float on different fluids, the bulks of the 
part immersed will be inversely as the specific gra- 
vities of the fluids. It is on this principle that the 
hydrometer, aerometer, &c. are constructed. 

See Descriplion of a Ht/dromcterj Catallo^ vol. ii. 
p. 6§. 

251. If the specific gravity of air be called m, 
that of water being 1, if W be the weight of any 

body 
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body in air, and W its weight in water, then 
W+7w(W^^ — W) is its weight in vacuo very 
nearly. 

In the mean state of the atmosphere, m=s.0Ql32 
nearly. 

252. If s be the specific gravity of a hody, as- 
certained by weighing it in air and water, and 
m be the specific gravity of the air at the time 
when the experiment was made ; the correct spe- 
cific gravity, or that which would have been 
found if the body had been weighed in a vacuum 
instead of air, is ^ + '^^1 — ^0* 

When the body is heavier than watef, this connection 
is subtractive ; wlicn lighter, it is additive. 

The manner of finding the specific gravity of air will 
be afterwards espJained. 

253. If B be the bulk of any body in cubic 
inches English, W its weight in grains, and 
S its specific gravity, that of water being 1 ; 

W 



B = 



(252.576) S* 



This theorem is founded on an experiment of Sii' G* 
SuuckboroughX (Fhil, Tram, 1798), by which 
the weight of a cubic inch of distilled water, of the 
temperature 66^, was found to be 252 A22 grains, 
whieh^ reduced to the temperature 60°, is 252.576. 
Catali^j vol lu p. 99. 



z* 



Thi 
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The logvithin of e5e^76 is 2.40i8i»L 
If W IB expressed in lbs. Troy, it must be mult^ilied 
bj 5760 ; if in lbs. avoirdupois, by 7002. If B ip 
required in cubic feet, its vidue must be diTided bj 
1728, 



Sect. II« 
solid bopiss floating on fluids.. 

254. A solid floating on a fluid speciflcally hea^ 
vier than itself, will be in equUibrio when it has 
sunk so far, that the weight of the fluid displaced 
is ^qual to tl^e weight of the whole solid, and 
when the centres of gicavity of tb? whole solid, 
and of the part immersed, are in the same vertical 
line. 

Archimedes, de Humido InndentSmsy lib. i. Bossut 
Hydrod^. torn. i. chap. 12* 

Hence every solid of revolution, and in general every 
solid which has an axis that divides it into two parts 
equal and similar, if it-be specifically lighter than 
a fluid, and if it be placed in the fluid wi^ its axia 
vertical, may sink to a position in which it will 
remfun in equUibrio. 

There are alivays two opposite positions of equili- 
brium in such bodies ; but there b only ona of 
th^m in which the bo4y can float permanently- 



HTBROSTATICS. 



169 



255, A prism, of which the triangle ABC 
(fig, fil.)j is a transverse section, being supposed 
homogeneous, and its specific gravity being less 
than that of a fluid in which it is immersed, but 
having a given ratio to it, fequired the different 
positions in which it will be in equilibrium. 

Let the prism float with the angle ABC downwardi 
and let DE be the common section of the plane of 
the triangle with the surface of the fluid, or what 
is called the wafer line. The area of the triangle 
BDE is given, being to that of the triangle ABC, 
as the speci6c gravity of the prism to the specific 
gravity of the fluid ; therefore the line DE touches 
a given hyperbola, described with the assymptotes 
AB, BC, and is bisected in the point H where it 
touches that curve. Bisect AC in F, draw BF, 
BH; takeBG = f BF, and BK=|BH, G is the 
centre of gravity of the triangle ABC, and K that 
of the triangle DBE, and therefore, because of the 
equilibrium, GK is a vertical line, as also FH, 
which is parallel to it. Therefore FH is peqiendi- 
cular to DE, and consequently to the hyperbola 
which DE touches in H. The position of FH^ 
since the point F is given, may therefore be found ; 
and as many perpendiculars as can be drawn from 
that point to the hyperbola, so many positions are 
there in which the prism may float with the angle 
ABC downward. 

The different positions of FH are determined, by the 
roots of a biquadratic equation. Draw FE and 
HL perpendicular to BC ; let BE=<7, EF=*, 



170 OUTLINIS OF KATUHAL PttlLOSOPHn 

BL^jp, LH=j^, and flic constant rectangle 
HLxLB=:c^ then FH^ - (a-^)^ + (*— J^)* , 
and *^=c'; whence by the method of majrtmtfi 
and minima^ we obtain r^— ajr* +ic*jc — c% from 
which the difTerent values of BL may be detenni* 
ned. 

A geometric construction may be obtained, by sttb 
ftitiiting xy for c\ whence we get 

an equation to a hyperbola, the intersection of 
whichy with the given hyperbola, will determine 
the different values of BL, and consequently tbt 
different positions of FH. 

See the solution of other problems of this kind, Aa- 
CBiMKDES dt Humido Insidtniibua^ lib, ii. BossvT^ 
Hydrod. torn, i* chap* xii, § 1<M>., &Ct 



256 When the equilibrium of a floating body is 
disturbed, or when the centres of gravity of the 
whole and of the part immersed are not in the 
same vertical line, if a vertical plane be made to 
pass through both those centres, the body will re- 
volve on an axis passing through its centre of gra- 
yity, and perpendicular to that plane. 

This follows from what has been proved concerning 
the rotation of bodies, § 2l9. 



BoBsuT, Jlydrotl torn, it, § 179. 
Trans. 1796. 



Attwood, Pkil. 
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f57* A body may be so constituted, that in 
every position the centres of gravity of the whole, 
and of the part immersed are in the same vertical 
line, and in such a body the equilibrium cannot 
be disturbed by any force that only tends to make 
it revolve on an axis. 

A homogeneous sphere is a body of this kind, and $a 
also is a cylinder floating with its axis horizontal. 
These have no tendency to maintain one position 
more than anotheri and their equilibrium is called 
^K the equilibrium of indifference, 

^" 258. Some floating bodies, when their equili- 
brium is disturbed, return to their position after a 
few oscillations backwards and forwards. Others, 
when their equilibrium is ever so little disturbed, 
do not resume their former position, but revolve 
on their centres of gravity, till they come into 
another position, when they are again in eguili* 
brio. 



The equilihrium in the first case is said to be stable, 
in the latter case to be unstable. In thii last casej 
the bodies are said to overset. 



i„._....^ 

^prcm the position of equilibrium, if the line of 
support (that is, the vertical, through the centre 
of gravity of the immersed part) move so as to be 

»thc same side of the line of pressure (or the 
veitical 
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vertical through the centre of gravity of the 
whole) with the depressed part, the equilibrium is 
stable, and the body will resume its former posi- 
tion. 

26o, The same things being supposed, if the 
line of support is on the jamc side of the line of 
pressure with the elevated part, the equilibrium 
is unstable, and the body will overset. 

BossuT, Bydroi, lorn. i. 



261. If a body float on the surface of a fluid, the 
force tending to make it revolve about its centre of 
gravity is equal to the weight of the body, acting 
by a lever^^ the length of which is the horizontal 
distance between the line of pressure and the line 
nf support. 

Attwood, Phil. Trans. 1706, p. 61. 

When this dif tance Is nothings or when the two cen* 
ires arc in the same vertical line, the force tending 
to make the body revolve, is equal to 0, as alreadj 
stated, § 267. 

When the body is any how inclined from the state of 
equilibrium, and when the line of support is on the 
same side of the centre of gravity with the depressed 
part, the lever by which the weight acts is account- 
ed affirmative, and the force tends to establish the 
equilibrium. 

When 
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Whea the line of support is on the same side of the 
. line of pressure with the elevated part, the force 
is accounted negative, and tends to overset the 
bpdj« 

262. If in a floating body, of which the trans^ 
verse section is the same from one end of the bo- 
dy to the other, u be the length of the water line, 
c* the area of the section of the immersed part, d 
the distance between the centre of gravity of the 
whole and the centre of gravity of the immersed 
part, and i an indefinitely small inclination from 
the position of equilibrium ; the momentum of 
the force tending to restore the equilibrium is 



f-^L-j) Wsini. 



a« 



If jg^i > d, the force tends to restore the body to 
its state of equilibrium. 



a 



If jgp a= ii there is no force tending either to re- 
store or des^troy the equilibrium. 

a} 
If jg-^ < d, the force becomes negative, and tends 

' ■-.■'.■■' »^ '•;.>■■ . 
to overset the body. 

When W remains the same^ the ttaUlify is propor- 
tional to (ji-. — d) sm i. 

When 
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When the centre of gravity of the body is lower than 
the centre of gravity of the immersed part, d is ne- 

gativCj and the quantity r^—^^tl U afSrmative, 



a» 



whatever be the magnitude of rsrT- 

If in the axis of the solid, or in the line passing 
thi^ough the two centres, there be taken a point dig* 
tant from the centre of the immersed part, by 

::z T3--> this point is called the metaccntrey be- 
cause the centre of gravity must be lower than it, 
in order that the body may float with stability. 

By the centre of gravity of the immersed part, i£ al- 
ways understood its centre of gravity, supposing it 
homogeneous. It is in fact the centre of gravity 
of the water displaced, and were perhaps better di- 
stinguished by the name of the centre of buoyancy* 

263. When a floating body revolves about a gi- 
ven axis, the positions of equilibrium through 
which it passes, are alternately those of stability 
and instability. 

For between a state in which a body has a tendency 
to remain, and another in which it has also a ten- 
dency to remain, as these tendencies are opposite 
to one another, there must be an intermediate posi- 
tion, 
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tioiiy in which the tefidencj to remain is equal to 
nothing. 

Atwooii, Phil Trans. 1796, p. 63. 

264. If a rectangular parallelopiped float in a 
fluid, with its altitude a perpendicular to the sur- 
face ; if its breadth be 3, and its specific gravity «, 
that of the fluid being 1, its stability will be as 

D 

When it has no stability, -^ — n (1 — n) a^sO, and 



tsJ6n{^^n) 



If n ss^, as is nearly the case with fir, 

6 /2 56 

a = "^==== 6^g := -g- nearly. The truth 

of this conclusion may be shewn by experiment 

Atwood, vbi supra, p. 67. Young^s Analysts of the 
Prindpks of Natural Philosophy, p. 213. § 15. 



fi65. As the force impelling the floating body in 
it^ vibrations, is proportional to the ^ine of the in- 
clination 
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clination of its axis, or the angle which it makes 
with the vertical, and as this is the same law that 
regulates the vibrations of ,a pendulum in a small 
arch of a circle, a pendulum may be found, the 
vibrations of which are isochronous with the small 
vibrations of a floating body. 

Atwood, Phil. Trans, ubi supra, p. 123. Bougucb^ 
ifatHBuvre des Vaisfcaux, lib. i. § ilL chap. 7. 

On the subject of this section, see also Eulbr^s Theth 
ry of the Construction and Properties of Vessels^ 
translated by H. Watson, chap. 4, 5 & 6., fcc. 
Grbgory^s Mechanics, vol. i. p. 



Sect. III. 



PHENOMENA OF CAPILLARY TUBES. 



266. If a capillary tube of glass, that is, a tube 
of which the bore is less than one-tenth of an 
inch, be immersed in water, the water will rise 
within the tube to a greater height than it stands 
at on the outside ; and this height is nearly in the 
inverse ratio of the diameter of the tube. 

For a tube of which the bore is -r^ih of an inch, ttie 
rise is 5.3 inches. So the product of the diameter 
of the tube, into the height to which the water ri- 
ses, 
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»es, is a given quantity, and nearly = .033, in 
parts of a square inch. 

It follows also from the above^ that the freights of the 
columns of water sustained in capillary tubes, are 
as the diameters of these tubes. 

Though the rise of water above its natural level U 
most manifest in small tubes, it appears, in a de- 
gree, in all vessels whatsoevert by a ring of water 

formed round the sides, with a concavity upwards. 

S67. Capillary suspension takes place, though 
the tube be not immersed in water, providing a 
drop of water adhere to the lower end of it. 

fi68. The surface of the water in a capillary 
tube is concave upwards ; and if by taking the 
tube out of the water, and inclining it, the fluid 
be made to move along it, the concavity appears at 
both ends of the column, and is the same in figure 
and size whether the tube be held perpendicular- 
ly, horizontally, or obliquely, 

269* When by inclining the tube, the column 
of water is made to move, it appears to suffer re- 
sistance as it approaches either end, and does not 
completely reach the end, till the tube is either al- 
together, or very nearly, inverted, 

M When 
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When the tube 13 placed in the water, howerer &r 
it be thrust down^ the water within never reachet 
the top, till the tube is completely Immersed. 

S70. If a capillary tube composed of two cylin- 
clers of different bores, be immersed in water, first 
^ith the widest part downwards, and afterwards 
Vith the narrowest, the water will rise in both 
cases to the same height. 

If the smaller end is such as to require the whole to 
be filled by suction, the water stands at the same 
height as if the whole tube were of the bore of the 
upper part. This experiment, however, does not 
succeed in vaciw^ and therefore the water in the 
wide part of the tube, must be considered ss »us* 
tained by the pressure of the air. 



S71. If two plates of glass he kept parallel, an^ 
Hear to one another, and if their ends be immer- 
sed in water, the water will ascend between them 
to half the height it would rise to in a tube having 
its diameter equal to the distance of the plates* 

N^rwroN^'fl Optics^ Book 111. query 31. HaIiy, TraiU 
ElenimiaiM de Ph^Bique, torn. i. § 333. edit. 1806, 

When the plates make an angle with erne aEother, if 
they be immersed with the line of their iotersect^pn 
yertical, the water will ascend between thein, and 
form a hyperbola. 

La 
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La Place caused experunenis to be made with one 
tube placed within another, so that^ieir axes coin- 
cidedj and found that the water ascended in tlie space 
between them only half as high as it would have 
done in a single tube In which the diameter of the 
bore was equal to the diiitance of the two tubes 
rom one another. Hauy, ibid, 

272. If a glass tube of a small bore be immer- 
sed in mercury, the mercury does not rise withia 
the tube to the height at which it stands on the 
outside : its surface within is convea'^ as it is also 
without, all round the tube* 

273. If into a conical capillary tube, held in a 
horixontal position, a drop of water be introduced, 
it will ran toward the narrow end ; but if a drop 
of mercury bd introduced, it will run toward the 
wide end. 

La Pi-ace, Meckaniqtte Celeste^ Lib. x. Supplement, 

p. a 

274. Whether a fluid rise or fall between two 
vertical and parallel planes, immersed in the fluid 
at their lower extremities, the planes tend to ap- 
proach one another. 

It is from this tendency, that two small vessels of 

glass, of a parallelepiped ibrm, floating on water or 

M 2 mercury. 
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mercury, unite, whenever they approach ne«r to 
one another. La Place, ibid. § 11. 

The phenomena here enumerated, clearly prove the 
existence of an attractive force between water and 
glass, but require to be carefully compared before 
they inform us of the manner in which that force 
is exerted. The fact that points most directly to 
the place where the force resides, is that of the 
concavity of the surface, mentioned at § 26&. 

275. From this fact it may be inferred, that a 
narrow ring or zone of glass immediately above 
the surface of the water, exerts its force on the wa- 
ter, and it is found that the phenomena of capil- 
lary tubes, may be explained by supposing, that 
the attraction of the glass, combined with the 
*veight of the water, and the cohesion of its parti- 
cles, is the cause of the concavity just mentioned^ 
or of the little meniscus of water, MIOKN 
(fig. 22.), which terminates the colunui. This 
meniscus is, therefore, a body of water stretched 
across the tube, and sustained there by the attrac- 
tion of the glass, while it exerts its own attraction 
On the particles of the column immediately under- 
neath, by which means the gravity of those partir 
qIcs is diminished, and the water rises in the tube 
above iti level on the outside, to supply their 
'deficiency pf weight. 

This 
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This is the theory of La Place. He has determined 
the superficies of the meniscus to be nearly spheri- 
cal, and its attraction to be equal to that of a sph" 
rtiie of water of the same diameter with itself. 
The ascent of the water, in the inverse ratio of the 
diameter of the capillary tube, is thus accounted 
for ; the attraction of the meniscus being directly 
as its diameter, or as the diameter of the tube, that 
is, as the weight of the water sustained. 

It is understood in all this, that the attraction of the 
particles readies beyond the nearest, but ijot to any 
sensible distance. 

In the case of mercury, glass either repels the fluid, 
or attracts it less than its particles attract one ano- 
ther. Hence the convexity of the surface that ter- 
linates the column, and the depression of that sui^ 
Tace below the natural level. 



The author of this theory considers the concave sur* 
face of the fluid, and the attraction which the me- 
niscus exerts, as the principal cause of the pheno- 
mena of capillary tubes. Ibid. p. 5, We confess, 
that we capnot see the matter precisely in this 
light. The principal and primary cause must cer- 
tainly be, that attraction which sustains the menis- 
cus, and enables it to act on the water below with- 
out being drawn out of its place. It is not the 
M 3 concavity 
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concavity of its surface that makes the water in 
the tube press less on the bottom than if its smface 
ivere plain, but it is the attraction of the glass that 
produces, in a manner equally direct, both the con- 
cavity and the diminution of the pressure. 

276. The reason why the water bctwcto the 
two narrow plates of glass rises only to half the 
height it does in a capillary tube, of a diameter 
equal to the distance of the plates, is, that the 
quantity of the attracting zone is nearly halved. 

The same hold^ of the tubes, inserted the one within 
the other. Any small column of the water be- 
tween them, is supported by the aitracticn of the 
glass only on two sides. 

So also, in the movement of the drop to the small 
end of a conical capillary tube ; if the attraction of 
a particle of the tube be resolved into two, one in 
the direction of the axis of the tube, and the other 
at right angles to it, the former will be directed to- 
wards the vertex of the cone. If the force is repul- 
sive, the part in the direction of the axis will be 
toward the base. On the same principle may be ex- 
^ained the tendency of two plates to unite, whe- 
ther water rises or mercury sinks between them. 

The 
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Tlie theory of La Place, so far as the tttractiow of 
the tube is concerned, hsa a great aflSnity td tha^ 
of Dt Joftix, PhiL Trans. NO. 363- art- 2, lit 
what respects the form of the upper mirface^ it I9 
founded on the same principles with ChAfnAvr^^ ex* 
planation, Theorie de la Figure de la Terre^ tirct rffi^ 
Principcs de tHydrostatiquef § 69, 



277. Clairaut lyis proved, that if the law by 
which the matter of the tube attracts the fluid, h& 
the same with that by which the parts of the 
fluid attract one another, the fluid will rise abOTa, 
the level whenever the intensity of the first of 
these attractions exceeds half the intensity of the 
second. If it is exactly the half, the surface of 
the column within the tube will be a plane^ ort a 
level with the surface without. 

Theorie, &c. § 60. 

In some cases, the attraction of th^ botltfni haf^-rf^K 
evident efTect ; when the lower end of the cspillas- 
ry tube is stopped by the finger^ and the tube ta^ 
ken out of the water, if the fioger id witBdr&wff| W 
drop forms, and the water stands higher in the tube 
than when it was immersed in the water* L4 
Place, ibid, § 15. This scema to aris<^ from the 
action of the bottom and outside of the tube on the 
drop, by which the column of water in the tube is 
lifted up, aa it were, iHid raised to a higher Jprcl. 



The 
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The circumstance that has so long rendered the theo^ 
ry of capiUary tubes a matter of doubt, is the dif. 
ficulty of finding a perfect experimerUum cruets, or a 
fact which can be explained by one theory only. It 
cannot be said, that even the theory of Clairaut 
and La Place possesses the demonstrative evidence 
which such an experiment would afford. 
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Sect. L 



FLUIDS ISSUING THROUGH APERTURES IN THS 
BOTTOM OR SIDES OF VESSSELS. 



278. If two bodies be uniformly accelerated over 
distances that are inversely as the accelerating 
forces, they will acquire equal velocities. 

This proposition is given as a lemma to that which 
follows. 

279. The velocity with which a fluid issues 
from an infinitely small orifice in the bottom or 
side of a vessel that is preserved full, is equal to 
that which a heavy body would acquire by falling 
from the level of the surface to the level of the 
orifice. 

BossuT^ Hydrod. torn. i. § 318. 

Therefore^ 
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Therefore, let d be the depth of the fluid ; g the 
velocity acquired by a falling body in one se* 
cond ; v the velpcity with which the water issues ; 

If the velocity with which the fluid issues from the 
orifice, were turned directly upward, it would ear« 
ry it to the level of the surface of the fluids 

280. The quantity of water that issues in one 
second, through a given orifice, is equal to a co- 
lumn of water having the area of the orifice for its 
base, and the velocity with which the fluid issues 
for its altitude. 

Hence, if a^ be the drea of the orifice, and d the 
depth of the water above the orifice, and q the 
quantity of fluid running out in one second^ 



q=za'*sj2gd. 

Of the quantities of 5', a and d, any two being given, 
the third may be found : 

The quantity of water that issues through an orifiice, 
is as the area of the orifice multiplied into the 
square-root of the depth. 

When the experiment is made, it is found that A 
must not be taken equal to the exact area of tbe 
surface. The vein of water that issues through th^ 
small orifice, suffers a contraction^ by which its 

sectioii 
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tection has been found to be diminished in the ra* 
lio nearly of 5 to 7, Therefore we must take S 

of the above result for the true value of g^ v^rWch 
is^ therefore, j a* \^3gd. As y* is near =s -^, we 

may, thereforcj make Q = a} \fg~d* 

As y/g d is the velocity acquired by falling through 

3, it has been supposed by some writers, that the 

water issues only with the velocity that would be 
acquired by falling through half the depth of the 
fluid. See Cavallo, vol. ii. chap. 7. p. 168, 



28 1 • Water issuing through an oblique pipe in 
the side of a vessel which is kept full, describes a 
parabola in a vertical plane, passing through tlic 
axis of the pipe ; and the directrix, of the parabola 
is the line of common section of the said vertical 
plane with the surface of the water produced. 

That the curve is a parabola, follows from the theo- 
ry of Projectilesj § 89. ; and that the diiTctrix is 
the same, whatever be the angle of elevation, fol- 
lows from this, that the water issues witli the same 
velocity whatever direction the axis of thi^ pipe 
has, viz* that which corresponds to the height of 
the surface of the fluid above the orifice* 



382- The 
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282, The time that a cylindric vessel, (the area 
of its base being i*), requires to empty itself by a 
hole in the bottom, of which the area is a% the 
depth at the beginning of this discharge being 

A* /2rf 
d', is -. V — > sii^d the time that the surface takes 

to sink, from the depth d to any other depth d\ is 
»• r Kld—Kjd \ 

Dan. Bernouilli, Hydrodynamtca. sect. vr. § 13. ; 
BossuT, Hydrodyn. tom. i. § 23S. 

The construction of the clepsydra, or water-clock, de- 
pends on this proposition. If the whole depth 
through which the surface of the water sinks in 12 
hours be divided into 144 parts^ it will sink 
through 23 of these in the first hour, 81 in the se- 
cond, 19 in the third, and so on, according to the 
aeries of the odd numbers. 

283. The vein of water, as it issues out, is con- 
tracted ; and from that, and other causes, the 
actual discharge of water is not so great as 
it is computed to be in the foregoing theo- 
rems. This diflference, however, affects only the 
absolute quantities, and not their proportions ; the 
quantities. really discharged being as the square- 
roots 
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roots of the depths multiplied into the areas of the 
orifices. 

According to some very accurate experiments of 
BossuT^ the actual discharge through a ho]e made 
in the side or bottom of the vessel^ is to the theo- 
retical as 1 to .62^ or nearly as 8 to 5, The theo- 
retical discharge, when computed, mustj therefore^ 
be diminished in this ratio to have the true one. 

If the water issues, not through an aperture in the 
side, or bottom of the vessel, but through a pipe 
from I to 2 inches in length, inserted in the aper- 
ture, the contraction of the vehi is prevented, and 
the actual discharge becomes to the tlieoretical, as 
8 to 10, or as 4 to 5. In this way, therefore, the 
discharge is increased nearly in the ratio of 4 to 
3. BossuT, § 523. See also Prony^ Architect. 
Hi/d. § 840. 

The theoretical discharge, the discharge tluough an 
additional tube, and that through a simple perfo- 
ration in the side, are as the numbers 16, 13, and 
10 nearly. 



284* Water thrown up in a perpendicular jct^ 
ought to ascend to the height of the reservoir ; but 
on account of the resistance of the air, the fric- 
tion of the pipe, &c. it always falls short of that 
height ; and it is found by experiment, that the 
differences between the heights of the jets and of 
the reservoirs, are as the squares of the heights of 
the jets themselves. 

If 
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,If H and H' be tlie heights of two reservoirf> h anil 
A' the heights of the actual jeta, 

H — A:H' — A'::/r: A'^ 

This observation was made by Mahiotts* Bo»- 
suTy 11. § 615. 

The water aseends highest wheo the jet is not quite 
perpendicular ; when it is perpendicular, the ascent 
h obstructed by the water falling back on the as- 
cending column. 

The height to which the water rises in the jet, is 
called the height of the effective head. 

The parabola which an oblique jet describes, has its 
directrix not exactly as determined in § 281 ; but 
at the height of the effective head. 



Of Conduit Pipes and Open Canals. 

285. When the water from a reservoir is con- 
veyed in long horizontal pipes, of the same aper- 
ture, the discharges made in equal times are near- 
ly in the inverse ratio of the square roots of the 
lengths. 

It is supposed that the lengths of the pipes to which 
this rule is applied are not very unequaL It is an 
approximation not deduced from principle, but de- 
rived immediately from experiment. Bossut, 
torn. n. § 647, 6+S. At § 673. he has given ft 

table 
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table of the actual discharges of water-pipes, af far 
as the length of 2340 toises^ or 14950 feet English, 



.. 286* Water running in open canals, or in rivers, 
is accelerated in consequence of its depth, and of 
the declivity on which it runs, till the resistance, 
increasing with the velocity, become equal to the 
acceleration, when the motion of the stream be- 
comes uniform. 

It is evident, that the amount of the resisting forces 
can hardly be determined by principles already 
known, and therefore nothing remains, but to as- 
certain by experiment, the velocity corresponding 
to different declivities, and difTerent depths of wa- 
ter, and to try, by multiplying and extending theie 
experimentsj to find out the law which is common 
to them all. 

The Chevalier du Bit at has been successful in this re- 
search, and has given a formula for computing the 
Telocity of running water, whether in close pipes, 
open canals, or rivers, wlii^hj though it may be 
called empirical^ is extremely useful in practice. 
Prindpes crHj/drauh'que, par IL Le Chevalier du 
BcAT, 2 voL Svo, edit. 2. Paris 1786. Professor 
RoBiso:^ has given an abridged account of thia 
book, in his excellent articles on Rivers and Wa- 
ter-works, in the Enci/clopadia Britanmca. 

Let V be the velocity of the stream, measured by the 
inches it moves over in a second; H a constant 

quantity^ 
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• qtiantitj, viz, the quotient obtained hf dividing 
the area of the transverse section of the stream, ex- 
pressed in square inches, by the boundary or peri* 
meter of that section, minus the superficial breadtb 
of the stream, expressed in linear inches. 

The mean velocity is that with which, if all the 
particles were to move, the discharge would be the 
same with the actual discharge. 

The line 11 is called by Du Bdat the radius^ and by Dr 
Ho BISON the hydraulic mean depth. As its affinity 
to the radius of a circle seems greater than to the 
depth of a river, we shall call it, with the former, 
the radius of the section* 

Lastly, Let S be the denominator of a fraction which 
expresses the slope, the numerator being unity, that 
is, let it be the quotient obtained by dividing the 
length of the stream, supposing it extended in a 
straight line, by the difference of level of its two 
extremities ; or, which is nearly the same, let it be 
the eo-tangent of the inclination or slope. 



287- The above denominations being under- 
stood, and the section, as well as the velocity, be- 
ing supposed uniform, V ^ 



307\/R — T7 



10 



s^-iios(s + J§j 



10 V *^ 10 » 



or 
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or 



See Dt7 BuAT, ubi supra^ § 51., &c. At § 5S. p. 65. 
the formula is reduced to English measure^ as now 
given. 

When R and S are fery great, V = 

l?he logarithms understood here are the hyperbo« 
lie; 

*rhe slope remaining the same^ the velocities are as 



The velocities of two great rivers that have the sanie 
declivity, are a^ the square roots of the radii of 
their sections; 

If R is so small, thathj^mm-— =: Q, or R == jq» 

the velocity will be nothing ; which is agreeable to 
experience; for in a cylindric tube R = i the ra- 
dius; the radius, therefore, equal two-tenths ; so 
that the tube is nearly capillary, and the fluid will 
tiot flow through it. 

If Th« 
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The velocity may also become nothing, by the dedi- 
vity becoming so small, that 






if g is less than EKQQQQy or than T^th of an inch 

to an English mile, the water will have sensible 
motion. 



288, In a river, the greatest velocity is at the 
surface, and in the middle of the streaoGL, from 
which it diminishes toward the bottom and the 
sides, where it is least. It has been found by ex- 
periment, that if from the square root of the velo- 
city in the middle of the stream, expressed in 
inches per second, unity be subtracted, the square 
of the remainder is the velocity at the bottom. 

Princtpes d'Hydraulique, par Da Buat, § 67. 

Hence, if the former velocity be = v, the velocity at 
the bottom = i? — 2 y^t? + 1 . j^ 

289. The mean velocity, or that with which, 
were the whole stream to move, the discharge 
would be the same with the real discharge, 
is equal to half the sum of the greatest and 

least 
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least velocities, as computed in the last propo- 
sition. 

The mean velocity is, therefore, =i> — \/i>4.-, 

2 

This is also proved bj the experiments of Dv 

BUAT. 



290. Suppose that a river having a rectangular 
bed, is increased by the junction of another river 
equal to itself, the declivity remaining the same ; 
required the increase of depth and velocity. 

Let the breadth of the river = i, the depth, before 
the junction, d, and after it, x; and, in like man- 
ner, V and 1/ the mean velocities before and 

after; then r — -^r-, is the radius before, and 

bx ^. J. A 307 R* 

-^ — 5— the radius after, so t? = --L , sup- 

o + zx gi 

posing the breadth of the river to be such, 
that we may reject the small quantity sub- 
tracted from R, in § 287.; and, in like man- 
ner, 1/ ^H15L. Then, substituting for R 

and R', we have 

N 2 » = 
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»' = ^ X J ^* . Multiplying these 

into the areas of the sections b d and bx, we have 

... 307 bds/bd^ , . 
the discharges, viz. bdv = —r x "^.j, ? and 

S* S/b+2d 

j__. - ?2J X ii^/lii. Now the hirt of these 

is double of the former; ther^ore f V * 

V4+2» 

__ 'ithdisjh d «» _ 4«?> 

— <y/i + 2d' °^ A + 2« - i + gd' "** 

3d' _ 4»rf' ,. ,. .. , 

«' — i-v-oj * — . a . , a cubic equation which 

can always be resolved by Cardan^s rule. 

As an example, let £ = 10 feet, and d= 1, thes 

2 10 

«» — g « = -^, and »= 14882, which is the 

depth of the increased river. Henoci we hare 
1,488 X »' = 2«, and 1.488: 2: : v : o', ort>:t»' ::37 
to 50 nearly. 

When 
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When the water in a river receives a permanent in- 
crease, the depth and the velocity, as in the ex- 
ample above, are the first things that are augment- 
ed. The increase of the velocity increases the ac- 
tion on the sides and bottom, in consequence of 
which the width is augmented, and sometimes also^ 
but more rarely, the depth. The velocity is thus 
diminished, till the tenacity of the soil, or the 
hardness of the rock, afford a sufficient resistance 
to the force of the watei*. The bed of the river 
then changes only by insensible degrees, and, ia 
the ordinary language of Hydraulics, is said to be 
permanent, though in strictness this epithet is not 
applicable to the course of any river. 

291. When. the section* of a river vary, the 
ijuatitity of water remaining the same, the mean 
velocities are inversely as the areas of the sec- 
tions. 

This muist happen, in order to preserve the same 
quantity of discharge. 



N 3 Sect. 
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S^CT, III. 



PERCUSSION AND RESISTANCE OF FLUIDS, 



292. If the sections of two streams be the same^ 
the forces with which they strike on plsuies direct- 
ly opposed to them, are as the squares of their ve- 
locities. 

For the force of a stream must be as the force of each 
particle, and as the number of particles that strike 
in a given time. Now, the force of each particle ia 
as the velocity of the fluid, and the number of 
particles that strike in a given time, the section be* 
ing given, is also as that velocity. Therefore the 
whole force pf the stream must be as the square of 
its velocity. 

Hence if v be the velocity of any stream, a* the area 
of the section, f the force, and m a constant co-. 
efficient, to be determined by experiment, 
f^ma^v^\ or if A be the height belonging to the 
velocity i?, so that Sg- A rr i?% /:- 2 m a^g- A. The 
quantity agh denotes the weight of the columnj^ 
of which the base is a^, and the height A. 

The constant quantity m is found to be different, acs- 
cording to the manner in which the fluid is recei-« 

red 
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red by the plane on which it strikes. When the 
plane is indefinite in extent, m = I ^ so that 
f—2a^gh^ or the force is double the weight of 
the column, of which the base is a% and the alti* 
tude k. This agrees with experiment* and has also 
been demonstrated by Dan. BernooillIp Comment, 
Petrop. torn* viif. p. 99, j Sec, See also Enryclop<edta 
Britannica^ 2d edit. Article Eesistanccy p. 109. 

[when the plane is no greater in extent than* the sec- 
tion of the stream, m= i, and^— a'^g-A, only half 
the former column, 

Since, in two different streams, fif'i', a^ v^ : a'* t/*, 

if fl* u, or the quantity of water expended in a se- 



cond, be the same in both, fif : : u : *?' 
forces are as the velocities simply. 



or 



the 



293, If the plane struck by the stream be itself* 
in motion, the impulse is as the square of the dif- 
*rcnce of their velocities. 

If u be the velocity of the stream, and c the velocity 
with which the plane retu-es from it, then the force 
of percussion =. m a^ {v — c)^. 

If c is opposed to u, then the force is m a* (i? -f- c)% 
and if v = 0, the force =: m a^ c^ The plane, 
therefore, moving against a fluid at rest, with the 
velocity c, suffers the same impulse as if the fluid 
were to move w*ith the velocity 0, and the plane to 
remain at rest* 



N 4f 



Hence 



V 
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Hence the resistance of a fluid to a body in motion^ 
is the same with the percussion of a fluid moriag 
with the same velocity against the body at rest. 

Though this conclusion is founded on reasoning very 
evidentj yet, in fact, the resistance is less than the 
percussion^ the velocity being in both cases the same, 
in the proportion of 5 to 6. Don JtiAif^ in his E,mi- 
men Mariitmt^ makes this difference much greater. 
This arises, no doubt, from the action of the fluid 
on the hinder part of the body moving through it, 
by whidi the resistance ir in some degree counter- 
acted. It appeal's, however, to be only the abso- 
lute quantities, and not the ratios of the resistan- 
ces, that are thus affected ; the resistances being as 
the squares of the velocities. 

In the reasoning on which this proposition is found- 
ed, we have supposed the only resistance to arise 
trom the inertia of the particles. There is, how- 
ever, anothei arising from the cohesion of these 
particles, which must be proportional to the quan- 
tity of that cohesion overcome in a given time, that 
is, to the velocity simply. This resistance is only 
perceived in slow motions, and is small in respect 
of the other, except in fluids of much viscidity, 
CoLLOMB has made experiments on this kind of re- 
sistance, Mim. dt rimiitut NatioJial, torn. iii. 
p. 247, Src, He found the part of tlie resistance 
proportional to the velocity to be 17 times greater 
in oil than in water. 

It must be remarked, that Don G. Juan makes the 
resiiitance which ships meet with proportional near- 

17. 
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ly, caferii paribm^ to their velocities siwply. Exa* 
mm Maritime^ torn, n, § 194| 195. 



254- If a stream strike obliquely on a plane, ita 
force is less than if it struck directly on the same 
plane, in the ratio of the square of the sine of the 
obliquity to the square of the radius. 

If the area struck be a^^ v tlie velocity of the fluid, 
and I the inclination or the angle which the plane 
makes with the direction of the stream, the force 

This conclusion is not confii*med by experience, except 
when the angle t is so great, as to be between 60'^ and 
90^ BossuT, Ilyd. Yoh I. §375. It appears, fromex- 
perimeot, that the resistance to oblique planes consists 
of two parts, one of which is proportional to the 
square of the sine of i, and the other to a certain 
power (3.^) of the angle / itsetf. Bos&ut found, 
that if a*yrnii\ in the form of a wedge, be drawn 
through a fluid, and if the complement of the angle 
which either face makes with the direction of the 
stream be callt^d .v, and if the resijstauce to the base 
of the wedge be 10000, the resistance to the wedge 



itself wiU be 10000 x cos x* + 3.153 x 



m 



3i 



BossuT, Hyiroi. torn, ii. § 101 D, & lOgJ^ 

This formula, however, is to be considered only as an 
approximation to the truth. It is entirely cvtpirU 
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cat^ and does not e^-en agree with the experimentf 
from which it is deduced^ when jc is a very acute 

angle. 

295. Supposing the resistance to oblique sur- 
faces to vary, as the square of the sine of the incli- 
nation, the resistance to a sphere is halt the resist- 
ance that would be made to the circumscribed cy- 
linder moving in the direction of its axis* 

Newtopti Prin. Math, lib. 11, prop. 34. 

This proposition cannot he expected to hold accurate- 
ly, as it is derived from a principle that is acknow- 
ledged to be erroneous* The propositions concern- 
ing the solid of least resistance^ are faulty for the 
same reason* In general, though the tljeory of the 
perpendicular percussion and resistance of the dense 
fluids, agrees sufficiently with experiment tor all 
practical purposes, that of their oblique percussion 
and resistance, as it stands at present, is not to be 
relied on. The experiments relative to percussion 
are more agreeable to theory than those that con- 
cern resistance. Vince has found by experiment, 
that the force of thfe percussion of a fluid on an 
oblique plane, varies nearly as Ihe sine of the incli- 
nation of the plane ; but their resistance to a plane 
moving in a fluid, is not subject to any law that ad- 
mits of a simple expression. Kncj/c, Britan, 3d 
«dit. Article Hj/ihod^narnks^ p, 763. 



Sect. 
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SECT. IV. 

UNDULATION OF FLUIDS, OR THE FORMATION OF* 
WAVES. 



S96. \t HEN the surface of water is unequally 
pressed on, in parts contiguous to one another, the 
columns most pressed on are shortened, and sink 
beneath the natural level of the surface, while 
those that are least pressed on are lengthened, and 
rise above that level. 

As soon as the former columns have sunk to a 
certain depth, and the latter have risen to a certain 
height, their motions are reversed, and continue 
so, till the columns that were at first most depres- 
sed have become most elevated, and those that 
were most elevated, have, become most depress- 
ed. 

The alternate elevations and depressions thus produ"? 
ced, are called waves, 

1 he water in the formation of waves has a vibratorj 
or reciprocating motion, both in a horizontal and 
a vertical direction, by which it passes from the 
columns that are shortened to those that are length- 
ened. 
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cned, and returns again in the opposite direct ioa. 
Progressive motion is not necessary to luidula- 
UoD. 

297- The vibrations of water in the form of 
waves, may be compared to the reciprocations of 
the same fluid in a syphon or bent tube ; and it 
was from this that Newton deduced the velocity 
of waves, and the time required to an undula* 
tion. 

The tinte of an undulation, is the time from the wave 
being highest, at any point, to its being highest at 
that point again. The velocity of the wave is the 
rate at which the points of greatest elevation or de- 
pression seem to change their places* 

Sg8. If a be the altitude of a wave, b half the 
breadth, t the circumference of the circle, of 
which the diameter is 1, the time of an undula- 

tion is - (a _|. 6) , and the space which the wave 
appears to pass over in a second, is r * 

Examen Maritime, vol. t, § B16. 

In these theorems, 8 is put for fs/2g^ to which it is 
nearly equal. 

If 
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If a be neglected, the velocity of the wave becomes 

J which 13 the vel<>city as determined hj 
w 

Newton, Priftctpia^ Kb. n. prop* 46. See also Bos- ] 
«UT, Hi/drod. torn. i. §312. 

299' While the depth of the water is sufEcient 
to allow the oscillation to proceed undistuj^bed, 
the waves have no progressive motion, and are 
kept, each in its place, by the action of the waves 
that surround it. But if by a rock rising near ta 
the suiface, or by the shelving of the shore, the 
oscillation is prevented, or much retarded, the 
Mvaves in the deep water are not balanced by those 
in the shallower, and therefore acquire a progres-* 
sive motion in this last direction, and form break- 
ers* Hence it is, that waves always break against 
the shore whatever be the direction of Che 
wind. 

Breake's forp^eil over a great extent of sbor^ are di- 
stinguished by the itsame of Surf. Tie mrf is 

greatest in those parts of the earth where the wind 
blows always nearly in the same direction. 



Sect* 
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Sect, V. 



HYDRAULIC ENGINES. 



Engines moved by the impulse of Water* 

300. W^hen a wheel is put in motion by a 
stream of water striking against a float-board, the 
action of the water diminishes, as the velocity of 
the wheel increases, till at /last the momentum of 
the water, or of the accelerating force, is just 
equal to the momentum of the resistance, or of the 
retarding force. The motion of the wheel then 
becomes uniform. 

Mills with undershot wheels, or auch as receive the 
impulse of the water at right angles to their radi^ 

are machines of Ihis kind. 



301. A machine driven by the impulse of a 
stream, produces the greatest effect, or does the 
most work in a given time, when the wheel 
moves with one-third of the velocity of the wa- 
ter. ; 

This theorem was first given by Parent, 3fm. de 
PJcad. dcM Sci€7ic€8f 1704. See also Maclactrin'* 
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Fhxwns, § 90T. Euler, Nov. Cam. Pet torn, viii* 
p. 230. BossuT, Hf/drod. torn. i. § 890. 

If c be the velocity of the stream^ v that of the float* 
board, a^ the section of the stream, or the area of the 
part struck, the impulse of the stream, by § 29S. 
= ma^ (c — v)\ and the effect or quantity of work 
done, in a given time^ will be ma^ (c— t?)^!?^ 

which is a Tnaximum when vazE. 

3 

The quantity »ia*((r— 1?)% or the moving force be- 

4 
comes, in this case, md^x^ c% which, if m be de- 

4 c^ 8 

termined as in § 292., is =: 5 «* x — , = ^ a* A, 

h being the height from which the water falls 
to acquire the velocity cl The load of the 
machine, that it may work to the greatest advan- 

4 
tage, should be - of that which is sufficient to pre- 

vent its motion. 

8 1 

The effect, when a maximum, is ja'Ax-zr 

^ , that is,. eight twenty-sevenths of the water 

expended. 

If 
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In dl/TereDt falk of water^ that act od wheeb moving 
with a velocitj in a givca ratio to that of the water, 
if the expenditure be the same, the forces wQI be 
as the velocities siniply, (§ 292.), and the efiects 
of the machines driven by them as the squares of 
the velocities. 

If die sections of two streams ore the same, their 
forces will be as the squares of their velocities, 
or as the heights due to the velocity of the water, 
(§ S93.)' ^'^^ ^^^ effects of the machines driven by 
them, will be a» the cubes of their velocities, or as 
the heights due to those velocities multiplied into 
their square root?* 

These conclusions, all except the first, are remarka* 
bly verified by the experiments of Mr Smeaton. 
He found, that an undershot-wheel, when working 
to the greatest advantage, had a velocity which vari- 
ed ft*om one-third to one-half the velocity of the 
stream ; aud wa^, in great machines, nearer to the 
latter of these limits tlian the former. Alfio, that 
the moving power was nearly the whole column of 
water striking on the wheel; and we have shewn 
that it is eight-ninths of it. 

When the undershot-wheel worked to the gi^atest ad- 
vantage, its effect was about one-third of the wa-* 

8 

ter expended i we have found it to be ^^ » 

Mr Smeaton also found, that the expence of water 
being the same, the eflect ii as the effective head, 
or the square of the velocity. And, lastly, that 

when 
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when the section of the water is the same, the ef- 
fect is as the cube of the velocity, both which we 
have deduced above. By a mistake, for which it is 
<Ufficult to account, Smeatoi^T supposed both these 
conclusions to be inconsisteilt with the theory ot 
the percussion of fluids* 



Machines moiled hy the JVeight of Water* 

302. When a wheel receives the water into buc-» 
kets, at or near the highest point, it is put in mo- 
tion by the weight of the water with which it is 
loaded on one side, and it is then called an overshot 
wheel* 

303. An overshot wheel arrives at a state of 
unifarm motion, when the momentum of the wa- 
ter in the buckets is equal to the momentum of the 
resistance. 

The construction of the machine should be such, that 
when the motion of the wheel becomes uniform, 
the buckets may contain aU the water of the 
stream, and may carry it down as low a^ possible 
before they allow it to escape altogether. 

304. If the section of that part of the wheel to 
which the buckets are fixed be called ^\ and the 
perpendicular depth of the point where the water 

leaves 
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kaves the wheel, below that where it enters, be 
called />, the moving force 13 a column of water 
equal to c^p ; and as this force acts by a lever ^ r, 
its momentum ::r c^p r. 

S05- If A be the quantity of water issuing in a 
second, and h the height corresponding to the ve» 
locjty of the circumference of the wheel, the ef- 
fect of the machine, (supposing the wheel to re- 
ceive the water, at or very near its highest point), 
is proportional to A (2 r — A), 

Alb. £uleR| Enodatio Qtusslionia qnomodo vts Aqua 
ad Molas circuniagendas cum maximo lucro impendi 
possit, 4tOj Gtittingen, 1754. BosiUT^ Hydrod. 
§ 415, &c. 

It is evident, that the effect will be the greater the 
less A is, or the le&a the velocity of the wheel ; and 
as that velocity may he diminished indefinitely,. 
2 r A is a limit to which the effect may approach 
nearer than any given quantity. 

The power of the overshot-wheel i» greater^ ceteris 
paribuMi than that of the undershot, nearly in the 
ratio of 27 to 8* 

The maxim, however, that overshot wheels are the 
more powerful the slower they move, is found in 
practice to be subject to some limitations* 

Mr Smeaton^s experiments led him to conclude, that 
overshot wheels do most work when their circum* 

ferences 
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ferences more at the rate of 3 feet in a lecond, and 
that when they move considerably slower than this> 
they become unsteady and irregular in theii' mo- 
tion. This determination is also to be understood 
with some latitude. He mentions a wheel 24 feet 
in diameter, that seemed to produce nearly its full 
effect though the circumference moved at the rate 
of 6 feet in a second ; and another of (he diameter 
of 33 feet, of which the curcumference had only a 
velocity of 2 feet in a second, without any conside- 
^ rable loss of power* The first wheel turned round 
in 12^.6, the latter in 5F.9. 

Smeatox, £xp€rimtntal Inquiry concerning the Natural 
Poictrs of Water and Wind io turn Milis^ kc. Phil, 
Trans, vol. li. (1759,) p. 100, kc. See pai-ticu- 
larly p. 133, 134, Dr Brewster's NqIcs on Fer- 
Uc son's 3hchamcs. 



Machines moved by ike Re -act ion ofTVater. 



300. Some machines are moved, not directly by 
the impulse of a stream of water, but indirectly, 
by the relief from pressure which the motion of 
the stream occasions. 

The machine known by the name of Barkery's Mill 
is of this kind. Let ABGH, (fig, 23.), be a hoUow 
cylinder, moveable abont a vertical axis CD, and 
having the horizontal boxes EB, EG communica- 
ting with itj so that the whole may be fiUed with 
o 2 water 
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ivater from the top. The boxes have each an open- 
ing in the sides, opposite to one another, through 
which the water issues. 

When these apertures are shut, and the whole filled 
witli water, it remains in equilibria ; but if the 
apertures are opened, the columns having these 
apertures for their bases, and the depth of the wa- 
ter for their altitudes, will cease to press on the 
sides ; and therefore the whole pressure on the sides 
where tliere are no perforations, will be greater 
tlian on the sides where the perforations are, by the 
sum of these two columns* 

A moving force, therefore, equal to the pressure of 
these two columns, will impel the machine in a di- 
rection opposite to that in which the water issues, 
and in that direction the machine w^ill begin to 
move. 

307* The moving force m this instance becomes 
greater, after the machine has begun to move ; for 
the water in the horizontal boxes acquires a cen- 
trifugal force, by which its pressure against the 
sides is increased. When the machine works to 
the greatest advantage, the centre of the perfora* 

^ 

tions should move with the velocity ^^f\/hg» 

where r is the radius of the horizontal arm, mea- 
sured from the axis of motion to the centre of the 
perforation, and r' the radius of the perpendicular 

tube, 
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tube, g beiDg put for the force of gravity, or 33^-g- 
fcet. 

As 2 ST r Is the circumference described by the centre 

of each perforation, —p=^ is the time of a revolu- 
\fhg 

tion in seconds. 



The quantity ^^J hgh also the velocity of the efflu- 
ent water ; therefore, when the machine is working 
to the greatest advantage, the velocity with which 
water issues is equal to that with which it is car- 
ried horizontally in an opposite direction ; so that, 
on coming out, it falls perpendicularly down. 

The etTect of this machine is equal to A A, or the mo- 
mentum of the water expended ; so that it could, if 
there were no force lost by friction, raise up the 
whole of the water to the height from which it fell, 
and in an equal time. It is, therefore j in theory, 
the most advantageous application of water that is 
known ; but, on account of the fnction, which must 
be great, as the whole body of the water has to 
turn on the axis CD^ (fig. 23. )» it will probably be 
found in practice, that the overshot wheel is, in ma- 
ny cases, preferable. In the construction of this 
machine for practical purposes, the water is made 
to flow in pipes along a conical siu^face, diverging 
downwards, and is dischai^ged through several aper* 
tures. 



o3 



On 
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On the construction of this machine^ see Euler, Mem^ 
de VAcad, de Berlin, torn. vi. 1760, p. 311. ; and, 
again, torn. vii. p. 271. Alb. Euler, Enodatioy 
&c. § 64. BossuT, Hydrod^ torn. i. § 424. Brew- 
sterns Notes on Feeguson''s Lectures^ vol. ii. p. 205. 
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Sect. I. 



OF HEAT. 



Iw tiMtilig of Aeriform Fluids, we begin with the 
toD^eration of Heat, which, though it affect all 
mftterial eubstanc^s, acts more remarkably on elas- 
tic fluids than on other bodies. We shall treat of 
heat as affecting the Bulk, the Fhiklity, and the 
Elasticity of bodies. 

308. Heat or caloric may be regarded as a 
siibstance that penetrates and expands all bodies, 
and that produces in us the sensations of heat 
and cold. 

Though we conceive heat to be a substance, it is never 
found in an independent state^ or existing otherwise 
Hwi as a property of body. 

o4 509. As 
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SO9. As heat is known to us principally by ill 
power of expanding bodies, we may take the ex- 
pansion of some known substance as a measure of 
the variations of heat. 

The substance selected fbr mefisuiipg heat is Mercu« 
rj ; and the Thermometer is an instrument indica^ 
ting the variations of bulk to which we conceive 
the variations of heat to be proportional, 

It has been found, that the variation of the bulk of 
xnercuTjf from beipg immersed in freezing, and in 
boiling water, bears always the same proportion to 
the whole bulk ; and^ therefore, that variation, di<r 
vided into a certaiji numbe|: of parts, may be takei^ 
as a scale of the degrees of heat. 

In Fahrenheit'*s thermometer, the interval above na-t 
med is divided into 180^, and numbered at the 
lower end 32^, and at the upper end 819°. In th^ 
Centigrade Thermometer, the above interval is di^ 
vided into lOO^. 

The word temperature is used to denote the heat indi^ 
cated by any degree of ^he thermometer. 

310. All bodies, whether solid or fluid, are exr 
|)anded by heat j but not all in tb^ saii^e propor^ 
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jExpanston of different Bodies for 180° of FiHREyHfiiT, 
viz. from 32"" to 2W. 



In Bulk. 



.0048 = ^ 



,006 «: 
.0051:^ 



160 
196 



Gold, 

Flatina, 

Silver, 

Copper, 

Brass, 

Zinc, 

Mercury, 

Water, 

Salt waters. 

Alcohol, 



Allgasef,orper-l - 

manently ela- f .376 = — — 



.0056 = jig 



.08 ss 
.0466 = 



1 

So 

1 

31.5 



9tic fluids, J 



.05 s= _ 
20 

.01 =_L 
100 

1 

2.66 



In Length. 

.0014 =r JL 
714 

.00085 = -L. 
1155 

.003 = — 
480 



.0017 = 



588 



.00153 = J_ 
533 

.0031 = J_ 
322 

.0066 = -1. 
150 

.01« = ^ 

.0166 = i- 
60 

.0033 = i- 
300 



.1263 = -*-_ 

7.98 



Pee Dalton's I^ew Syttm of Chemical Philosophy, 
yol, L p. 44, 



SlI. At 
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»1 1. At the heat of ^-40° mercury freezes, and at 
60(f it boils, and i% in both cases useless as a mea- 
sure of heat. For measuring great cold, a ther- 
mometer of alcohol or spirit of wine is employed; 
for measuring great heat, the expansion of a solid 
is used, and the instrument is called a Pyrornt- 
ter. 

The best pyrometer hitherto in use, is that invented 
by Mr Wki>gwoo», consisting of a small cylinder 
of Cornish clay, which contracts continually by, 
heat The scale of this instrument begins at 
red heat, of such intensity as to be visible in 
day-light, which, on Faurenheit's scale, coul 
it be continued so far, would be marked by 1077^, 
from this it ascends, (by degrees lliat are each 
them equal to about 130' of Fahrei^beit,) as far 
as 2+0 , or 3S277 of FAuutT^n^EiT, which is its w 
most limit; 2H ' marking the melting heat of silver^ 
32 of gold, 125 the greatest heat of a glass-house 
furnace, and 150' the temperature at which pig-iroa 
melts. 



of ! 



312. The fact that all bodies expand by heat, 
admits also of another exception. Water is most 
dense at a temperature between 37** and 39*^, and 
its specific gravity diminishes both by the addition 
^nd subtraction of heat. 

When water is converted into ice a new arrangement 
takes place, and the specific gravity is considerably 
llimioished< 

313. If 
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313. Heat diiFascs itself on all sides, and passes 
continually from bodies in which the temperatiire 
is greater, to those in which it is less ; and if a bo- 
dy be placed in a medium of a temperature differ- 
ent from its own, the momentary variations of its 
temperature will be as the differences between the 
temperature of the body and* of the medium ; so 
that if the times, reckoned from any instant, be 
taken in arithmetical progression, the variations 
of temperature in the body, and also the differ- 
ences between its heat and the heat of the medium, 
will decrease in geometrical progression. 

Tins law of the heating and cooling of bodies, was 
first taken notice of by Newton, Scala Gradmwt 
Caloris, Phil. Trans. (1701,) N' 270, It was af- 
terwards proved by the experiments of Professor 
RicuMAN of St Petersburg, Novi Comment Pc- 
trop, tom.L (1747, 1748,) p. 174., &c. 

It follows from it, tliat if D be the difference between 
the temperature of the medium, and of the body 

placed in it, and if — be the heat lost In one second^ 

then^ at the end of 1", 2^, 3", &c. the heats are 

D (1 — -V D (1 — 1\\ D (1 -- iV, &c. ; and 

n/ nj u/ 

the decrements of heat in each second — * 

n 

5. (1 »- 1^ , 5 (1 ^ 1) \ &c. ; and, therefore, if ( 
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be the time in seconds, reckoned from the moment 
when the difference of the temperatures was D; 
and if a be the remaining difference of temperature 

at the end of the time t, we have D (1 — ) = ^» 

and | = — lg g-P-^"5-^ ■ 

log. n — log. (n — ^ 1) 

If this law is rigorously observed, no body can ever 
pei'fectly acquire the temperature of the medium i 
which it is placed, and this may be the fact, tpeak* 
ing with mathematical exactness, though the di&l 
ference of the two temperatures may soon becon 
so small as to escape observation. In respect of us, 
the bodies are then of the same temperature- 

314* The diffusion of heat through a fluid, is 
promoted by a hydrostatical principle, the heat 
rarifying the fluid, and so producing a motion and 
mixture of parts, by which the heat is communi- 
cated more rapidly through the whole, than it 
could be through a mass of which the parts were 
immovable in respect of one another. I 

The communication of heat in this way, is so rapid, 
that it renders the ordinary slow process of acqui- 
ring and losing heat by contact almost impercep- 
tible, and has given rise to the error, that heat has 
no tendency to pass through fluids, except in con^ 
sequence of the misture of their parts. 



315, Heat 
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SI 5. Heat escapes from bodies that are heated 
ibove a certain temperature, by radiaiion^ or by 
passing in straight lines through the air with great 
rapidity. 

The heat thus emitted from bodies, is reflected from 

bthe surfaces of metaiMc specula, like the raj« of 
light. 

^ A body heated, tliough not so as to shine, and placed 

before a concave speculum of metal, communicates 
heat instantaneously to a thermometer in the cor- 
responding focus. A cold body does the same; 
and it is remarkable, that an eflfeet so difficult to be 
explained, is, neverthelevSS, perfectly consistent with 
the law of continuity. The experiment of the re- 
flection of cold was first made by M. Pictet of 
Geneva. Es$ai sur Ic Feu, par M. A. Pictet, 
§69. 

Radiant heat from a luminous body, is refrac- 

f ted as well as reflected ; the rays from a candle 

^^ or a fire produce heat in the focus of a lene. 

^K It does not appear that the same happens in the 

^H ease of obscure heat, except when it comes from 

^^ the sun, which, according to the experiments of Dr 

1^^ Herschel, is concentrated in the focus of a lens. 

H PhiL Trans. 1803, p. 298, 304. 

Dr HerscheLj in a series of very interestmg experi- 
ments, separated the caloric from the light of the 
sun'*s rays, and shewed that the focus of the former 
was not the same with that of the latter. Phil, 
Trans, ibid. 

316. The 
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3 Iff. The heat propagated by radiation from 
different bodies, varies with the nature of their 
external surfaces, the quantity that flows in a gi- 
ven time from a body with a polished surface, 
being much less than would flow from the same 
body with a rough surface. 

This was discovered by Professor Leslie, and proved 
by a variety of curious experiments. Experimental 
Ijuiuuy into the Nature and Propagation of Htat^ 
p. 17, Sec. 

When the fluid contained in a vessel, is intended to 
retain its heat long, the vessel should be of metal, 
and its surface smooth and bright. 

If the fluid is required to cool as fast as possible, the 
surface should be rough, covered with paper, char- 
coal, &c. Dalton's New System of Chemical Phi*- 
losophy^ Part i. p. 116* 



317. If two portions of the same fluid, of which 
the masses are M and M', and the temperatures 
t and i\ be mixed together, the temperature of the 



mixture will be 



M + M'^ 



This formula is investigated, on the supposition that 

no part of the heat is lost by the mixture. 

On making the experhnent, the results ere not found 
to agree exactly with those deduced from the for- 
mula. The expansions of mercury, therefore, do 
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nS^^pp^r to observe the same law with the varia- 
tions of temperature ; and it is found, that, for 
equal variations of temperature, tlie variations of 
the bulk of the mercury constitute a scries, of 
which the differences are in arithmetical pr ogres - 
lion, or in which the second differences are con- 
stant. Hence the relation between the temperature 
and the expansion of mercury, may be expressed 
by a quadratic equation, or by the abscissae and 
ordinates of a line of the second order. 



318. If D be any number of degrees reckoned 
rom the freezing point of water in Fahrenheit's 
'thermometer, the real temperature corresponding 

to D is 207 (— 1 +V ^ + 1 ) • 

This formula is derived froni Dalton''s experiments. 

See his Si/iitem of Chemical Philosojiki/j Part i, 
p 14. 

If D =^ — 72, which is known to mark the de* 
gree according to Fahrenheit's thermometer, at 
which mercury congeals ; the temper a tux*e, as de- 
duced from this rule, is —207, which, therefore, 
is the real distance between the freezing of mercu- 
i*y and the freezing of water. Hence the de- 
grees on the mercurial thermometer, reckoned from 
the degree whicli marks the congelation of mer- 
cury, are as the squares of the real temperatures^ 
reckoned from the same point of congelation, 

Tht 
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The correction of the mercurial thermometer, arising 
from this law, has not yet been employed; but the 
reality of it seems to be sufficiently established. 



319, When fluids of different kinds, and of dif- 
ferent temperatures, are mixed, as above, the tem- 
perature of the mixture is very far from corre- 
sponding with the theorem in article 317, in 
so much as to make it certain, tliat equal bodies, 
for equal differences of temperature, do not con- 
tain equal quantities of heat. Beside the masses 
M and M', therefore, we must introduce two in- 
determinate co-efBcients c and c\ before the for^l 
mulas can be applied ; we have then 






for the temperature of the mixture* 

In this formula, c and c' are the numbers that denote 
the differences of heat contained in two equal por- 
tions of these fluids, for equal differences of tempe- 
rature. They may be said to denote the capacities 
of the bodies for heat ; and their values must be 
determined by experiment. 



320* When equal weights of water and ice are 
put into the same vessel, the water being at the 
temperature 176^, and the ice at 32°, the ice is in- 
stantly 
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sjtantly melted, and the temperatnre of the whole 
is found to be exactly SS*"- 

In this experiment, 140 degrees of heat have en- 
tirely disappeared; and the same happens what- 
ever be the temperature of the water. Dr Black 
was the first who made this experiment; and as 
he found that the heat which had thus ceased to 
affect the thermometer, was not lost, but became 
sensible again on the congelation of the water, 
he said that it had become latent^ — a term well 
adapted to express the fact, without any allusion to 
theory. 

821. From the combination of this experiment 
with the formula in the last article, the beginning 
of the scale of heat, or the point to which the mer- 
cury in the thermometer would sink, if it were to 
lose all its heat, may be determined ; and it will be 
found, that if c is the capacity of water for heat, 
c' of ice, and x the number of degrees that the be- 
ginning of the scale of heat is below the beginning 

of Fahrenheit's, j;zz ■ • 

c — c' 

For, according to this notation, the total heat in 
ice, of the temperature 32^, is c' (32 + x) ; and 
the heat in water of the temperature 176"^, is 
c(176-f 3p); therefore the total heat, whe^ they 
are mixed, and the whole reduced to water, is 
2 c (32 + op), Thisi last expression must be equal 
p to 
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to the Bum of the two former, or 

aZc' + 112c = c«— c**, and 

_32c^ + 112c 
X — » — , 

C (f 

If c be to c^ as 10 to 9, which appears, from ex? 
periment, to be true, x=:28B + 1180= 1408; this, 
therefore, is the distance of the jrero of temperature 
from the zeto of FAHRENHSit, audits distance ber 
low the freezing of water, is, therefore, 1440**. 

In this investigation, it is supposed, that, however low 
the ice is cooled, cf remains of the same vahie. 

322. When water is put in a vessel on the fire, 
it continually receiveis heat, and its temperature 
increases, till, at a certain point, the water boil?, 
and rises in the form of vapour, after which the 
temperature of the wiater increases no farther, as 
much heat being carried off every instant by the 
vapour, as is received from the fire. 

The temperature which water then attains, s^ was 
before remarked, is nearly constant, and is the 
same in all cases, except in as far as it is aiTec- 
ted by the pressure of the atmosphere, in the man- 
ner about to be explained. The vapour thus form* 
ed, is an invisible elastic fluid, of a temperature not 
less than 212 degrees. A great quantity of heat 
passes into the latent state, when vapour or steam 
is generated. This was also discovered by Dr 
$|lack. 

323. On 
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S23- On the different quantities of heat, there- 
fore, united to the substance that we call water, 
depends its existence in the state of a solid, a li- 
quid, or an elastic fluid. In passing through 
these states in the order just mentioned, a great 

tLcrease of temperature is not onlj necessary, but 
great quantity of heat must be absorbed, or, from 



This is true not only of water, but of mercury, o3, 
and probably of all unelastic fluids. It perhaps 
holds of all bodies that are melted by heat, and it 
may be true even of those fluids that, like air> ap- 
pear to be permanently elastic. 



tlOE 

Ittbis 



324. Since heat is absorbed when a solid passes 
into a liquid state, whatever produces liquefac- 
tion produces a diminution of sensible heat j and 
lis^ in the case of what are called Freezing Mix- 
'tures, can be employed to produce a cold of — 90**. 
So, also, cold is produced by evaporation, or the 
I conversion of an incompressible into an elastic 
^■tuid. 

1 

f 525. Water boils with less heat, when the 
' weight of the air diminishes, and, conversely, re- 
quires a greater heat to make it boil, when the 
pressure of the air is increased. 

wS Ob 
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On going to the top of a high mountain, where the 
weight of the air is diminished by one*tenth, the 
boiling point of water is somewhat less than 207*». 
So, on going into a deep mine, where the weight of 
the air is increased by one-thirtieth, the boiling 
point of water is nearly 214°. 

If, by means of the air-pump, the pressure of the air 
be reduced to one-half, water will boil nearly at the 
temperature of I8O0, 

826. The elasticity of the steam generated from 
water, is measured by the weight that compresses 
it ; that is, by the weight of the atmosphere pres- 
sing on the surface of water ; and the relation be- 
tween this force and the heat required to produce 
the steajn, is expres$ed by the following exponen- 
tial equation, where ^ is the heat measured from 
the ordinary boiling point, or 21 2o, and/ is the 
force of compression measured in inches of merf 
cury. 

This formula is deduced from Palton'*s HxperimentSt 
Manchester Memoirs, vol. ▼. p. 656., &c. and nearly 
coincides with the method which he used for inter- 
polating between the numbers determined by obsei(v> 
vation : x is positive when the heat is greater than 
8lg°^ negiitiv^ when less. 

For 
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For the purpose of calculation, it is best to take the 
logarithm of the above expression ; it U then 

logf= log 30 + ^ log (1.250 - .015 x ^) . 

Hence, when x u known, f may be found, which 
measures both the compression on the surface of 
tlie water, and the elastic force of the steam. The 
mean weight of tlie atmosphere is here understood 
to be equal to 30 inches of mercury, the mean 
height of the barometer at the level of the sea. In 
the construction of thermometers, care sJiould be 
taken to mark the boiling point, or 212, only when 
the barometer stands at 30 inches. 

The above formula will serve to calculate the amount 
of the corrections to be made, when the baro- 
meter stands at any other height. The same may 
be determined from Mr Dalton^s Table, ubi mpra^ 
p. 561., or simply, as the variations are but small, 
by allowing at the rate of 1" for six-tenths of an 
inch in the height of the barometer. 



327- It appears, from the experiments of Mr 
Dalton, that the above formula applies to the 
steam produced from all liquids; providing a; be 
reckoned from the ordinary boiling point of the li- 
quid, or that at which it boils when the barometer 
itands at SO inches. 

Manchester Mcmmi^^ voL v* p. 561. MuRRAV^i Che 
piutryy vol. I. p, 234. 

p S S^S. In 
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S2S* in petmanently elastic fluids, the law that 
connects the temperature, and the elasticity, is 
simpler than in the preceding instances j for when 
the temperature increases in arithmetical, the ela- 
sticity increases in geometrical progression, and 
the difference between the temperature of freez- 
ing water and of boiling, increases the elasticity 
and the bulk of such fluids from 1 to 1 ,576. 

If^ thereforcj the elasticity of such a fluid, at any 
temperature, be called 1, and if the number of de- 
grees above that temperature be x, and f the elas- 

X 

tic force, /= (1.376) iS. 
la logarithms, log/==YoQ x log (L376), 

DALTOPf's Ntw Systofi of Chemical Philosophy f part i. 
p. 44. 

When the variations of heat are small, or not exceed- 
ing the ordinary yicissitudes of heat and cold in the 
atmosphere, the variations of elasticity may be sup* 
posed proportional to them. It is usual to suppose, 
that for a degree of Fahrenheit, the elasticity is in- 
creased or diminished by ,00243 of the whole, or by 

1 
411.5 " 

In this estimation of the elastic force of fluids, the 
thing actually measured is the expansion prodnced 
by the heatj while the compressing force remains 
the same. The force that would be required to 

reduce 
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reduce the fluid Into its former dimensions, the 
temperature being the same, is the direct measure 
of the increase of elasticity. On the supposition, 
however, that when the temperature is given, the 
elasticity is inversely as the space which the fluid 
occupies, the abgolute increase of the elasticity, 
produced by an increase of temperature^ is propor-» 
tional to the expansion. This sopposition will be 
shewn to hold of air and other elastic fluids. 

S29, The law by which the elasticity and the 
expansion of aeriform fluids are regulated, i»»dif- 
ferent from the law by which the elasticity and 
expansion of vapour are regulated, while the lat- 
ter remains in contact with the liquid from which 
it is generated ; but when the communication be- 
tween them is cut off, the expansion by heat, 
and the increase of elasticity in the two kinds 
of fluids, follow the same law. The expansion is 
at the rate of 1,S7^ to 1, for 180 degrees of Fah- 
renheit J and for any other temperature .tv is 

(1.376)^®**, or i± (1.3/63*^** X (1.376)*, that is^ 
tr (1.0018) (L376;^ 

This has been fotind by the experiments of Gay Lu- 

8AC. 



330. Heat is mechanically produced by Percus- 
. Mon and Friction, 



»4 
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This holds both of solids anil of fluids. A nail can 
be made red liot by hammering, und fire may be 
produced by the friction of one piece of timber 
against anotlier. Count Rumfohd ittade water boil 

by the boring of a cannon. 

The condensation of air produces heat : tinder may 
be lighted, and gunpowder set fire to, if aii* be sud- 
denly compressed by the stroke of a piston. 



331. The greater part of the preceding facts 
may be explained on the hypothesis, that heat or 
caloric is an clastic fluid sui generis^ the particles 
of which repel one another* but are strongly at- 
tracted, though in diftcrent degrees, by the parti- 
cles of all other bodies. 

L The introduction of this fluid into bodies, must in-. 
crease their volume, and an equilibrium in this 
fluid will take place over a certain extent, when 
the attraction of the bodies within that space, for 
the caloric contained in it, is able to balance the 
repulsion of the particles of the caloric for one ano- 
ther, and this will happen when the caloric is di- 
stributed among the bodies, in proportion to the 
force^i with which tliey attract it. Hence there 
may be an cquiliSiriuni in the caloric of bodies, or 
a sameness of tempcTature, though the quantities of 
caloric be very dilleient ; and from this proceeds 
the ditTerent capacities of bodies for heat, and tbp 
conversion of sensilde into latent heat, or the con- 
trar)% when those capacities are changed. 

2. Caloric 
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, Caloric converts solids into liquids^ by overcoming 
their cohesion so far, that the particles attract one 
finother with forces that are as a certain function 
of the distances, (and of the distances only,) of the 
particles from one another. This produces the 
equilibrium of the particles, or their tendency to 
obey the action of any force in any direction. The 
addition of more caloric , so as en t Lively to overcome 
the attraction of the particles for one another, con- 
verts the liquid into an elastic or aeriform fluid, the 
particles of which, by means of the heat with 
which they are combined, are made to repel one 
another, 

. Heat imist escape from bodies, both in consequence 

of the attraction of those bodies that have less heat, 
and the mutual repulsion of the parts of caloric. 
Wfien tlie temper at u re of a body is raised to a cer- 
tain height^ this last cause niay operate mthout the 
former. On this account, the caloric in the air 
is impelled from tlie radiant body on all sidea, 
and is condensed on the surfaces of the adjacent 
bodies, which, by their attraction, resist its mo- 
tion. It is probable that thus is effected by undu- 
lations, propagated through the calorific fluid. 
The apparent reflection of cold may also receive d 
solution on this hypothesis, 

i. The production of heat by percussion and friction, 
is more diflicult to be explained on this liypf»tht'si* 
than any of the other phenomena. If we siipiKJse 
the temperature, or the expansion of a body, to hu 
affected^ not merely by the quantity of caloric con- 



I 
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tained in it, but bj the state of movement or ▼ilnt- 
tion in which the caloric exists, (which state per- 
iDussion and friction may verj much determine,) 
this ajqpearance will also admit of a solution^ 



Sect. II. 

EQUILIBRIUM OF ELASTIC FLUIPS* 



338. The fundamental theorems demonstrated in 
the first section of Hydrostatics, are conumpn t& 
the compressible and the incompressible fluids. 

See articles 843, 844, &a 

333. As Xtmospheric Air is the best known of all 
elastic fluids, we shall take it for the subject of our 
investigation, defining it, A heavy and elastic fluid, 
which resist^ compression with forces chat are di- 
tectly as its density, or inversely as the spaces 
tvith^n which the same quantity of it is contain- 
td. 

I'he atcuf^cy Of tius definition is knovm firom expe- 
rienee^ 

The 
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'The weight of air is known from the Torricellian ex-^ 
periment, or that of the barometer. The air pres- 
ses on the orifice of the inverted tube with a force 
just equal to the weight of the column of mercury 
sustained in it. 

A bottle, weighed when filled with air, b found heavier 
than atlter the air is extracted. The pressure of 
the atmosphere is about 14 lbs. on every square 
inch of the earth's surface. Hence the total 
pressure on the convex surface of the earth 
^ 10,686,000,000 hundreds of millions of pounds. 

The elastic force of the air is proved, by simply in- 
verting a vessel full of air in water : the resistance 
it offers to farther immersion^ and the height to 
which the water ascends within it, in proportion at 
it is farther immersedj are proofs of the elasti- 
city of the air contained in it. 

When air is confined in a bent tube, and loaded with 
different weights of mercury, the spaces it is com- 
pressed into are found to be inversely as those 
weights. But those weights are the measures of 
the ebsticity ; therefore the elasticities are inverse- 
ly as the spaces whicb the air occupies. 

Now the densities are also inversely as those spaces ; 
therefore the elasticity of air is directly as its den- 
sity. This law was first proved by Martotte's 
experiments. 

In all this, the temperature is supposed to remain un- 
changed. — These properties seem ta be common 
to all elastic llyids. 

Air 
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Air resists oompression equallj in all directionv. No 
limit can be assigned to the space which a given 
quantity of air would occupy if all comiNression 
were remored, 

S34. As we ascend from the surface of the 
earth, the density of the air necessarily diminishes : 
For, each stratum of air is compressed only by the 
weight of those above it; the upper strata are 
therefore less compressed, and of course less dense^ 
than those below them. 

335. Supposing the same temperature to be dif^ 
fused through the atmosphere, required the lavr 
by which the density and elasticity of the air di- 
minish as the height above the surface increa^ 

Let D, D', D", be the densities of three contiguous 
strata of air, each of a given thickness, so small, 
that the density of the air in the whole sp^e may be 
regarded as constant. Let W be the weight of 
the incumbent air pressing on the lowest of these 
strata ; W that pressing on the . next, and W 
that pressing on tiie third, and let m be a co-effi- 
eient, such that D ZT m W ; then, because the 
densities are as the compressions, D' = i»W', and 

Therefore D ~ D' = m (W — W'); and 

But 
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^But W — W is just equal ta the weight of the first 
of the three strata, and W — W" to that of the 
second; therefore D — D' : D — D'' : : D : IT,* 

and multiplying extrcniei and means DI)"— D'"- 
The density of t!ie middle stratum^ h therefore a 
mean proportional between the densities of the 
other two, and whatever be the nundier of equidis- 
tant strata, theii' densities aru in continual propcn%. 
tion. 



336. If, therefore, the heights from the surface 
be taken increasing in arithmetical progression, the 
densities of the strata of air will decrease in geome- 
trical progression, Also since the densities are as the 
compressing forces, that is, as the columns of mer- 
cury in the barometer, the heights from the sur- 
face being taken in arithmetical progression, the 
columns of mercury in the barometer at those 
heights will decrease in geometrical progres- 
sion. 

As logarithms have, relatively to their numbers, the 
same property, tlierefore if b be the column of mer- 
cury in the barometer at the surface, and ^ at nnj 
height A above the surface, taking m for a con- 
stant co-efficient, to be determined by expcrimcntt 

A — jTi (^log b — log p), or A — m log -, 

It is evident, that m may be determined by finding 
trigonometrically the value of A in any case^ 
where b and jB have been aheady ascertaiued. Now,. 

when 
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when this is attempted in difierent states of the at- 
mosphere, it is found that the values of m are the 
' same when the mean temperature of the columns 

of air intercepted between the stations al which the 
observations are made, is the same ; but that the 
values of m ore different, when the mean tempe- 
ratures are different. It has been found, that 
when h is to be expressed in English fathoms, and 
the common tabular logarithms are employed, and 
if the mean temperature be that of freezing, 
jw = 10000, so that the diflerence of the tabular 
logarithms, counting the first four places integers, 
gives the height in fathoms* 

For other temperatures, the value of m involves the 
expansion of air for one degree of heat, which has 
been taken at ,00243, or .00244, as determined by 
the experiments of General Roy and Sir George 
Shuckburgh. a correction is also required for 
the temperature of the mercury itself; for that be- 
ing rarely the same in the two barometers, a re- 
duction is necessary to bring them both to one tern* 
perature. 

S37« If, therfore, b be the height of the mercu- 
ry in the barometer at the lowest station, (3 at the 
highest, i and /' the temperatures of the air at 
those stations, y* the fixed temperature at which no 
correction is requirec^ for the temperature of the 
^r ; and if q and q* be the temperatures of the 
Quicksilver in the two barometers, and n the ex- 
pansion 
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pansion of a column of quicksilver, of which the 
length is 1, for l"* of heat ; h being th^ perpendi- 
cular height (in fathoms J of the one station above 
the other, 

»=10000(I+.OMM('4i;-y)l,Sj-^r^Jj-_^, 
n being nearly =: 



10000' 



If the centigrade thermometer is used, because the 
beginning of the scale agrees with the temperature 
fy so thaty'n 0, the formula is more simple ; and if 
the expansion for air and mercury be both adapted 
to the degrees of this scale, 

A =? lOCKX) (1 + .(^41 (^Ji^) log ^p^:;gg|j^^ 



338. La Place has' given a formula for baro- 
metric measurement somewhat difterent from the 
preceding. If t and /' be the temperatures accord- 
ing to the centigrade thermometer, all other things 
remaining as above, the height in metres, or 

^"^ 6413 '^ 



Jb 



140 OUTLINES OF NATURAL PHILOSOPHY. 

In this formula, the expansion for the tempemliire of 
one degree is .004; according to the formula €£ 
Sir George Shuckburgh and Greneral Roy^ it is 
.0044L 

The former expansion digrees very well with the rate 
and law of expansion, stated in the last section, 
from the experiments of Dalton and Gav Lusac. 
The expansion in the English formula is therefore 
probably too great, though the results deduced by 
means of it agree tolerably with observation. 

The true expansion, however, may be introduced, by 
increasing the constant multiplier by 49, or which 

is nearly the same, by -3- • 

The formula, to give h in English measure, and to 
employ the true expansion, using the centigrade 
thermometer, will be 

The addition to be made on account of the 50 added 
to the constant multiplier, is very easy, as it only 
requires the difference of the logarithms, or the ap^ 
proximate height, to be increased by a two hun- 
dredth, or the half of a hundredth part. 

The fact that the mercury in the barometer sinks on 
ascending into the atmosphere^ was first suggested 
by Pascal, and ascertained by experiments under 
his direction. The application of this to the mea* 

surement 
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ftiremftit of heigkts, was made in France by Ma- 
RiOTTE, and in England by Halle y. It remain- 
ed, however, very imperfect, till De Luc applied 
the corrections for heat, and directed simultaneous 
observations to be made at the top and bottom of 
the mountain. He fell into some errors, which were 
pointed out by Tremble y, and afterwards correc- 
ted by the observations and experiments of Sir 
George Shuckburgh and General Roy. La 
Place has, more lately, made barometrical mea- 
surement the subject of his researches, and has gi- 
ven the formula mentioned above. 



See De Luc, Rcchtrches sur Its Modijicaiions de VAt* 
mosphere, Horsely and Maskelywe, PhiL Trans, 
vol. Lxiv, p* 214, & 158. Tremble Y, apud Saus* 
SURE, vol. II. p. 616, Damen, Dis8€rtatto Pht/8. 4r 
Math de Moniium AUitudine^ Barovietro metienda^ 
Ha^ue, 1783. General Roy, PhiL Trans, vol. ixvir. 
(1777,) p. 653, Src. Sir George Shuckbuugh, iMd, 
518, &c. La Place, Mec/iamque Celeste^ torn, iii. 
p. 289. 

Though much has been done by the authors just 
named, the barometrical method of nteasuring 
heights is probably not yet so perfect as it may be 
rendered. Its cxactnes* depends on the compari-* 
son of trigonometrical measures with barometrical 
observations. Now, the trigonometrical measures 
of heights are subject to considerable inaccuracy, 
from the variations of refraction, unless the refrac- 
Ixon itseli* be observed at the same time with the 
Q angle 
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angles of elermtwn. If tfiif i§ done, or if the height 
be taken by IcTellrng, tfee reimlt may he obtainwl 
with great precmon. The Frtiifiher of in^ances, 
htiwerer^ in which either of these preeaotwis has 
been use J, h not great enough to offbrd an exact 
rfeternrination of the constant quantities that en- 
ter into the barometric formula. H wrndd be 
osefnl also to asrei^tmn by more accurate ex perl- 
mentdy the law accordinj^ to which the tempera-. 
tore of the air diminishes on ascending from the 
sur&ce of the earth* 

339* The temperature of the air dimi»ishes on 
ascendiog into the atmosphere^ both on account of 
the greater dbtauce frora the cartli, the principal 
source of its heat^ and the greater power af absorb^ 
ing heat that air acquires^ by being kss com- 
pressed. 

The lietti c(C the atmosphere appears to decrease in a 
less ratio than the distance increases. Iff* nit Saus- 
8URE found J that by asceadiHg from Genera to 
Chamouni, a height of 347 toises5 Bcaumur's 
thennomcter fell 4'^2, and that on ascending from 
thence to the top of Mont Blanc, 1941 toises, it 
fell 20^7: this gives 221 feet English for a dimi- 
nution of 1^ of F,4nttENHEiT in the first case, and 
2CS iii the second. Nevertheless, from the accm-a- 
cy which the rule for barometrical measurement 
possesses, it may be inferred, that the decrease of 
heat for the greatest heights which we can reach, is 
not far from uniform ; but thai the rate for any 

particular 
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particular case must be cletermiRpd by observation^ 
though tUe average in our climate may be stated 
at V for 270 feet of perpendicular asdent. On this 
subject, see La Graptge^ Mem* dt BerHn^ 1773» 
p. 206., &c. He thinks that the hypothesis of a 
uniform decrease of heat is the most conformable 
to appearances* 

EuEERi in a volume of the same Memoirs, for 1754j 
p* I40j considers a barmonical progression as the 
most probable. If the sole cause of the dimioution 
of temperature were distance from the earth, and 
if it were admitted that there 15 no current of air 
perpendjctilarly upwards^ as there certainly is not, 
the diminution of temperature would follow the in- 
yerse ratio of the distance from the centre of the 
earth. Transactions of th^ Jtotfcl Socidt/ of Kdin^ 
burght voL vL p. 365. 

Professor Leslie, in the Notes on hh Elements of 
Gf'omclr}/^ p. 495* edit, 2dj has given a formula for 
deterniiriing the tejnperature of any stratum of air 
when the height of the mercury In the barometer 
is given. The column of mercury at the lower of 
two stations being 6, and at the upper 0^ the dimi- 
nution of heat, in degrees of the centigrade, is 

{■q^^t}^^' This seems to agree well with ob» 

servation. 



S40- If the atmosphere were reduced to a body 
4if tbe same density which it has at the surface of 
~ q2 the 
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the earth, and of the same temperature, the height 
to which it would extend, is in fathoms, equal to 

454S (1 + .00441 -^ h or, taking the expan- 



sion as in art. 838. = 4343 ( 1 -+ 



loooy 



Hence if J be the height of the mercuiy in the baro* 
meter, reduced to the temperature tj the specific 
gravity of mercury is to that of air, as i to 

4 ( \ 
4343 (I + foQQJ* or the specific gravity of air 



= Tr\' "^^^ divisor 72, i^ in- 

72(4343)(H-j-J^) 

troduced in consequence bf b being expressed ii| 
inches. 

541. Let a balloon, of a given cubical content, 
in feet, c\ be filled with hydrogen gas, 13 
times as elastic, and therefore IS times rarer than 
common atmospheric air, under the same com- 
pression ; and let it also be loaded with a given 
weight W ; required to what height it will as- 
cend. 

If y be the specific gravity of any stratum of air, in 
which the balloon is placed, that of water being 
unity, since a cubic foot of water weighs 62.48 lbs. 
avoirdupois^ c» x (62.48) j^ is the weight of the 

air 
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air displaced, or the whole force tending to support 
the balloon. But the whole weight of the balloon is 

• W + (62.48) c' X ^, and therefore when the bal- 
loon is just supported, and has no tendency to as- 

62 48 
cend, 62.48 x c' j^ = W -f- -rr^ - c* y, or 

_13W 

•^"" 874.72 c'' 

When the density of the stratum where the balloon 
will float is found, the density at the surface being 
computed by the last article, the height will be de- 
termined by the rules for barometric measure- 
ment; 
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542. TiUE doctrioe of Fneumaticsy traits of elas- 
tic fluids, tt acceleratixig or retarding tbe motion 
<yf bodies ; of air, as the vehkle of SQ«md«; and, 
lastly, of air, as the vehicle by which fccat and 
moisture are distributed over the surface of the 
earth. It is, therefore, naturally divided into three 
$ectlons. 



Sect. I. 

Aia AS ACCELERATING OR RETARDING MOTION. 

Machines for raising Water. 

343. If a bent tube, open at both ends, have 
the end of the shorter leg immersed in water ; and 

if 



If the air in the tube be sucked oirt, or otherwise 

extracted, the water will flow tlirmigb the tube in 
a coatiaued stream, providing the height from the 
surface of the water, to the top of the bending, 
does not exceed 32 or 33 feet. 

A bent tube of this kind is called a syphon. If the 
syphon, instead of having the air extracted by ettc- 
tton, be fdled with water, ami the ends stopped till 
it is inverted, with the shorter leg immersed in wa- 
ter, the same efiect wUI follow. 

It IS the greater weiglit of the water in the longer leg 
of the tube that determines the fluid to descend on 
that fide, and the pressui'e of the air contiiiues the 

supply* 

The syphofi may be employed to raise water over a 
height less than 33 tt?et, if it is to descend below 
the level of the fountain on the opposite side. It 
could notj however^ be conveniently applied, if the 
height was near to S3 feet ; because the velocity 
with which t!ie water in tlie shorter leg is made to 
ascend, depending on the difference between that 
height and 33 feet, the length of the coluam 
which the air Is just able to sustain, might not af- 
ford a sufficient supply for the stream descending 
in the longer leg. 

The "Syphon is properly a pneuni&ti4!o-faydraiilic ma 
chine, the action of water and of air being both oe- 
. eesflBry to its eflfect. It is, however, the iiiii|jlest 
of all the instruments employed in ruining wa- 
ter. 



^4 



344. The 
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344, The Air-pump is a machine by which the 
air is extracted from close vessels. A cylindric 
barrel iii which a piston works, communicates by 
a valve in its bottom, which opens inwards to 
the receiver or close vessel. The piston is also 
furnished with a valve, which opens outward ; so 
that when the piston is thrust down, the air in the 
barrel opens the valve of the piston, and makes its 
escape. After the piston has been forced down to 
the bottom, it is drawn up when its valve shuts, 
and that in the bottom opens, and admits the air 
from the receiver. This operation is repeated, 
and the air in the receiver becomes continually 
rarer. 

The air-pump was invented by Otto Gucricks, a 
gentleman of Magdeburg in Germany, about tiie 
year 1654, and marks a great era in the his- 
tory of the physical sciences. It has received 
great improvements, Cavallo, foL ii. p. 465, &c. 
HoTTON^s Mathematical Dictionary ^ article Air- 
pump* 

345. When the number of strokes of the piston 
increases in arithmetical progression, the quantity 
of air remaining in the receiver, and also its 
density, form a series of terms decreasing in 
geometrical progression ; so that if R be the 
capacity of the receiver, B of the barrel, D 
the density of the air in the receiver, after n 

itrokes 



fl 



PN£UMAT1CI, 



S49 



strolces of the piston, the density of the external 
air being 1 ; D = (g^)* • 

Hence log D = n log ^ ^ —^ ; from which D may be 
found when n is given, or n when D is givren. 

It is evident that the exhaustion can never be com- 
plete, as no more than a certain proportion of the 
air that remains can be taken out by the next 
stroke of the piston. There is even a limit which 
it cannot exceed in the ordinary air-pump ? for the 
spring of the remaining air, being the power which 
opens the valves, when it becomes too weak to 
overcome their stiffness and their weight, the ex- 
haustion necessarily ceases. In air-pumps of the 
most improved construction, the valves are opened 
by a mechanical contrivance, so that this limit to 
the perfection of the instrument ia removed. 



3-46. When the end of a cylindric barrel con- 
structed as above, is ither immersed in water, or 
made to communicate with a reservoir of that 
fluid, on the piston being drawn up, and the air 
in the barrel rarefied, the water will ascend on ac- 
count of the pressure of the external air. By re- 
peated strokes of the piston, it may be made to 
rise so high, as to pass through the valve in the 

piston. 
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piston, aad a quaotity of it is tken lifted up evevf 
time the piston is raised. 

This machine is called the Sucking Pumpf and the 
piston is called the Sucker. 

The Talre of the piatoD, when lowest, must he nearer 
to the surface of the water in the reservoir than 
33 feet, otherwise the water can never l-ise above 
it. 



847. The piston of the sucking pump when it ia 
raised, sustains the weight of a column of water, 
of a l>ase equal to the section of the piston, and a 
height equal to that at which the water in the 
pump stands above the sur£tce of the xeservoir. 

This is the measure of that part of the pressure of 
the external air that is not counteracted bj the 
elasticity of the air under the piston. 

To work the pump, a force must, therefore, be em* 
ployed able to overcome the weight of this column, 
and dT the piston, together with the fiietion ^ the 
piston against the sides of the pump. 

348. In a sucking pump, the height of the 
lower; or fixed valve, above the surface of the wa- 
ter zz a, the length of the stroke of the piston = b, 
and the height of a colunm of water in equilibri- 

urn 
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"^m with tTie pressure of the atmosphere = h ; the 
height to which the water is raised by die first 



stroke, is 



. ^ + j^ + ft— V(^ + ft + Af — 4 6ft 



BoseOT^ Sydro^t/n, vcd. t. p. lOL 



849. The same notation being retained, and a 
being put for a + b, or the greatest height to 
which the piston ascends, b must be greater than 

— r, otherwise the water will not rise above the 

piston. 

The water will cease to rise, when the air in the bar- 
rel of the pump, which is always rarer the higher 
the water is raised, becomes so rare, that when tlu? 
piston is thrust down, it is not so much condejised 
as, by its elasticity, to open the valve in the pis* 
ton, or, which is the same^ is not go dense as the 
external air* Xkiji lead« to the Jiiait Just as* 
signed. 

Besides the pump just described, thert is one wiih a 
#olid piston, without any valve, by the rai^ng of 
fvludi, the water is di^awn up tlirou|5h tJie valve in 
the bottom of the pump, and on thrusting down 
the piston, the water is forced through a pipe in 
the side, having a valve that opens outwards, by 
which means it can he raised to any height if a swf* 

ii^lent 
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fident force be applied. This is called the Forcing 
Pump. 

The Lifting Pump is in principle no way different 
from the Sucking Pump. 

850. The discharge of water by pumps, though 
naturally intermitting, may be rendered continual 
by the elasticity of the air condensed in what is 
called an air-vessel. This contrivance is represent- 
ed in fig. 23. 

See Dbsaguuer, Course of Experimenial PkUowph/^ 
YoL II. p. 152, 3d edition. MuschbitbrobcKi 
§ 124, &c. BossuT, Hydrodyn. voL i. § 76., 
fcc. 



Steam Engine. 

351. Let a cylinder ABCD (fig. 24.), placed 
Tertically, have a piston working in it, the rod of 
which is fixed to the end of a beam GH, turning 
on the axis O, and loaded at its other extremity by 
a weight W, and when the machine is at rest, let 
the beam incline toward the side where the weight 
is. Th^n if a vacumn be any how made in the 
part of the cylinder under the piston, the whole 
pressure of the atmosphere will tend to depress the 
piston, and \till raise the weight W, if its mo« 

mentum 
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itientuni be not greater tHan that of a column of 
water 3S feet high, having for its base the section 
of the cylinder, and acting by the lever GH. 

In this way, an air-pnmp might be made to raise wa* 
ter to any height whatever. But the production of 
the vacuum by the mechanical means of valves and 
pistons, from its difficulty and expence, could not 
be reduced to practice. For this reason^ recourse 
is had to steam, which, from its facility of being 
generated and destroyed, affords the means of 
producing a vacuum over a great extent, and of re- 
newing it at pleasure. 

Suppose, therefore, the steam of water from a boilei' 
to be introduced through a valve into the cylinder^ 
and to expel the air ; and when this is done, the 
valve to be shut, and another valve opened, by which 
a jet of cold water is injected into the cylinder, the 
steam will be quickly condensed ; a vacuum will be 
produced, and the piston will be forced down by 
the presstu'e of the atmosphere. 

The introduction of the steam at the bottom of the 
cylinder will again elevate the piston, and the re- 
production of the vacuum will cause the depression 
of it ; so that the end of the lever to which*W is 
attached, may be employed to rai*e any weight, or 
to pump up any quantity of water within certain 
limits. TLis is the Steam Engine in its simplest 



352. If 
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552. If A be the length of the stroke of the pts* 
ton, r the mdius of the cylinder, sind A the height 
of the column of water which balancts the pres- 
sure of the atmosphere, irr* A is the moving force, 
and its momentum is Trr^h ^ b. If the radius of 
the piston of the pump worked by the beam be r', 
d the depth of the water, and A' the licight to 
which it is raised at one stroke, w r^ d li vv ill be 
the mamentum of the resistance : then, in order 
that the machine may work, r^ b h > r'^dktm 

To a complete theory of the steam engijic, much 
more is necessary than the knowledge, that r* b k 
IB greater than r'^ih' ; for the rate of working de- 
pend! on that excess, and must be determined as 
in the problem, N"^ 182* The weight of th« pump 
rods most be included^ and also the rffeet of fric- 
tioii. 

It is here supposed^ that A perfect irncnum U produ- 
ced io the cylinder by the jet of cold wat^. This, 
however, is not the fact, for by the aUernations of 
the heat and cold to which the cylinder is exposed, 
it can neither acquire the heat necessary to the full 
elasticity of the steam, nor the cold necessary for 
ita complete condensation. On Ihis account^ the 
effect of the machine falls much under the conipu^ 
tatifia. 

353. When the cylinder is full of steam, if a 
Talv^ be opened, by which the steam is allowed to 

escape 
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leseapc rnxo^'another vessel, where a jet of cold wa- 
ter is introduced, the condciisation is much more 
complete, and the heat of the cjlinder being pre- 
served, the steam possesses its full elasticity. 

This improv^ement was made hj Mr Watt, and 
completely changed the ctaracter of the steam- 
engine. In the old engines, the powder was redu- 
ced nearly to hidf its real value, &o that the mtv 
viDg i4»i*€e, instead of ati^ountiQg to 14 lb. on every 
square inch of the area of the piston, was reduced 
to little more than seven. lu Jfr Wattes engines, 
the moving foixe is not less than 12 Ihs. on the 
sc^uare inch. 

354* A farther improvement has been made on 
this engine, by injecting the steam into the cyliii- 
ier^ alternately above and below the piston, so 
that the whole motion is produced by the elastici- 
ty of steam, and has no dependence on the weight 
of the atmosphere. 

TW« iinproFement i» afeo d«e to Mr Watt, and could 
not hate been made without the previoiw contri- 
vance of condensing the steam in a sq>arate vesieL 
It IS particularly accommodated to the production 
of a rotatory motion by means of a steam en- 
gnie. 

la the douhle-stroke engine, the piston rods re(|uim 
to be forced down as wdl as to be drawn up, in the 
same vertical line The method by which Mr 
Watt has accomplished this depends on a geome^ 
irkal theorem. 

355. If 
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355. If the ends of a line given in magnitude, 
describe circles given in position, and having their 
convexities turned opposite ways, a point may be 
found in it, which will describe on each side uf the 
line joining the centres of the circles, an arch of a 
curve of contrary flexure, not differing sensibly 
from a straight line. 

The point to be found divides the given line in the ra- 
tio of the radii of the circles described by its extre- 
mities. 

A rectilineal vertical motion is also produced by 
another construction. Two of the adjacent angles 
of a parallelogram, are made to describe concentric 
circles, so that the side between them passes 
through their centre, and one of the remaining 
angles another circle, Iiaving its convexity opposed 
to that of the two former v then the third angle of^ 
the parallelogram describei a line that differs insen- 
sibly from a straight line. 

PnoNV treats of this motion. Arch, Hydraulique, 
torn. II. § 1478.. Sic. ; but has not given a complete 
theory of it. He says, on the authority of Adams, 
(Geometrical and Graphical Essays) that the con- 
trivance was suggeitcd to Mr Watt by one of the 
instruments for describing curves. Invented by 
ScARDf. See X^uovi Inslrumenii per la descrcztone 
di diverse Curve^ Sec, We have looked into this 
work with considerable attention, but have not 
* been able to find any thing that has much affinity 
^o the motions just described. 

»55, Ifi 



PNEUMATICS. iSf 

$55. In steam engines of similar construction, 
the effects a* e nearly as the quantity of fuel con- 
sumed. »^ V 

In this estimate time is necessarily involved, as, in or'* 
der to derive the greatest advantage from a given 
quantity of fuel, the combustion must neither be 
too quick nor too slow. 

tt is computed, that an engine bf the best construe-^ 
tion, wiU raise 20,000 cubic ftet of water to the 
height of twenty-four feet for every hundred- weight 
of good pit-coal. An engine with a cylinder of i 
thirty-one inches diameter, and making twelve 
strokes in a minute, will do the work of forty 
horses, and will burn 11,000 lb. of the best Staf-i 
fordshire coal in a day. See Encyclopedia Briian* 
nicay article Steam, p, 769. Prony, Arch, ffyd*, 
§ 1.499. vol. II. 



Motion produced by Gunpofwder. 

S56. When gunpowder is fired, a permanently 
feiastic fluid is generated^ which being very dense, 
and much heated, begins to expand with a force 
at least 1000 times greater than that of air under 
the ordinary pressure of the atmosphere. 

RoBiN^s Tracts, New Principles of Gunnerj/, Prop, vi* 
HuTto»'*s Mathematical Dictionary^ art. Gunpowder* 

% In 
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In the acceleration of a ball by the fluid thus gene- 
rated, three circumstances must be attended to. 



857. !• The elasticity is inversely as the space 
*«ehich the fluid occupies, and, therefore, as it forces 
the ball out of the gun, it continually dimini- 
shes. 

2. The elasticity would diminish in this ratio, 
even if the temperature remained the same ; but 
it must diminish in a much greater ratio, both 
from the dispersion of heat, and the absorption 
of it by the fluid itself, during its rarefaction. 

3. The air propels the ball, by following it, and 
acts with a force that is, caieris paribus^ propor- 
tional to the excess of its velocity above the velo- 
city of the ball. The greater the velocity that the 
ball has acquired, the less, therefore, is its momen- 
tary acceleration. 

The effect of the elastic fluid must, for these reasons, 
decrease much faster than the space it occupies in- 
creases ; and a formula expressing the law of acce- 
leration, as depending on all these causes, more espe- 
cially on the latter, might be expected to be very 
complex. Nevertheless, it appears from Dr Hutton^s 
experiments, that the velocity with which a ball 
actually issues from the mouth of a cannon, other 

things 
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things being the same^ is nearly as the square root 
of the weight of tlie gunpowder, or more generally, 
if V be the initial velocity of the shot, P the weight 
of powder, and B the weight of the ball, that 

v-^imfJ -^; m being a constant co-efficient, to be 

determined by experiment. 

Philosophical Transacimns^ 1778. Also Hutton^« 
Course ofMathanaticSy voL iiL p. 270. 

i /P - 

HOW that v^m^/^j is exactly the conclusion that 

would be deduced^ from supposing the acceleration of 
the ball to df|jend dimply on the expansion of tlie 
elastic fluid, without taking into account the dimi- 
DUtion of the impulse, arising from the velocity 
which the ball has already acquired. This may be 
shewn from tlie Prmdpies of Dj/namksy § 96. 
That diminution, therefore, does not affect the ra- 
tios of the velocities of shot due to different charges, 
though it must no doubt affect the absolute quan- 
tities, and render them less than they would be 
otherwise. 

The value of v given above, is only exact on the sup- 
position, that the piece is long enough to allow the 
elastic fluid generated by the gunpowder to pro- 
duce its full eflect. The augmentation of the 
charge may so mncli lessen the space over which 
the fluid is to act, that tlie velocity of the ball 
E 2 shall 
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iball be less £rom a great charge than from tf 
imaller. 



S5S. The Balistic Pendulum js an instrument 
invented by Mr Robins, for determining the ve- 
locity with which balls are projected by ordnance 
of different kinds. The bail is made to strike a 
heavy block of wood, suspended from a centre ; 
the velocity is thus reduced to a quantity that is 
moderate, and easily admitting af being measured. 
From thence the original velocity is computed by 
help of the principles explained, Mechanics, 
Sect. 7* on the Rotation of Bodies, § 211. 

For a particular description of this instrument, see 
Robins' New Primiples of Gunnery, p. 84. Also 
EulerV Notes on Robins^ Gunnery. The rule for 
computing the velocity of the ball from the vi- 
bration of the pendulum is there investigated, as it 
h likewise, Mutton's Tracts^ p. 113,, &c. The ini- 
tial velocity of shot estimated in this way, varies 
from 160O to 20OO feet hi a second. The latter i» 
nearly as great as it is ever found. 

The velocity with which tlie elastic fluid, disengaged 
from the gunpowder^ expands itself, h probably* 
more than double of this. Dr Hutton estimates 
it at 5000 feet par second. Course of Mathematics, 
ToL ui, p. 270. 



359. The 
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359. The depth to which a ball penetrates into 
wood, earth, &c. is nearly as its weight multiplied 
into the Square of its velocity. 

p 

Hence, since i>*=:m*x-=, BtJ*=rm^P; so that the 
o 

effect of a shot is nearly as the quantity of gun- 
powder. 

From the Table given by Dr Hutton, dmrse-ofMa* 
thtmaticsy vol. in. p. 373. the value of m may be 
deduced nearly = 2000. 



Bodies impelled by Currents i?i the Atmosphere, or 
by Winds. 

S60. The impulse of a stream of air striking 
with the velocity Vj on a plane of the area fl\ in- 
clined at an angle i to the direction of the stream, 
zzm'^a^xi^ sin i\ 

m is a quantity to be determined from experiment, 
and is constant, while the density of the fluid con- 
tinues the same. 

This proposition is the same that was formerly e* 
nunciated of non-elastic fluids, § 301. 

nS 3t)l. The 



262 



OUTLINES or NATURAL PHILOSOPHY- 



361. The sails of a windmill are so disposed as 
to turn in a vertical plane round a horizontal axis» 
they themselves being all incUned to that plane 
toward the same side j when, therefore, the plane 
in which the sails turn, is placed at right angles^H 
to the direction of the wind, the force on each sail^^ 
is resolved into two, one at right angles to its sur- 
face> and the other parallel to it. The latter has 
no effect, but a part of the former impels the sail, 
on the side toward which it makes an acute angle 
with the direction of the wind. Thus a circu- 
lar or rotatory motion is given to the sails* 

The sails are so constructed, as to have different in- 
clinations to the plane of their motion at different 
distances from the axis, greatest nearer the centre, 
and least at their extremities. This is called the 
weathering of the sails, and is done in order to makej 
the momentum of the wind nearly the same at all 
different db^nces from the centre of motion. 



3f)2, Supposing the sail of a windmill to be a 

plane, and the inclination of that plane to the axis 

or the direction of the wind to be i^ the effect of 

the wind to turn the sail, in a plane at right angles 

to its axis, will be the greatest when cos ix sin i* 

. J 
13 a maximum, or cos 1 == -• 

3 

This gives 1— 54''44'j and therefore the inclination 
of the sail to the plane of its motion^ or what is 

^ called 
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ealled the angle of weather^ 35° 16'. This is true 
only when the sail is at rest, or just beginning to 
move. When the sail is in motion, and of course 
near the extremities of the sail, when it moves fas- 
ter, the angle of weather must.be less. Maclav- 
RiN has given a formula for this. Fluxions ^ vol. ii, 
§ 913, 914. 

Maclaurin'*s theorem makes the weather to varj 
from 26° 34, at the point of the sail nearest the 
centre, to 9^ at its extremity. Smgaton made 
some corrections on this, from experiment. See 
Evperimental Inquiry concerning Mills, p. 46, and 
46. 



863. From Smeaton's experiments it appears, 
that a windmill works to the greatest advan- 
tage, when it is so constructed that the veloci- 
tj of the sails, is to their velocity when they 
go round without any load, as a number between 
6 and 7 is to 10 ; and also that the lo^d, when the 
mill works in this manner, is to the load that 
would just keep it from moving, nearly as 8 5 to 
10. 

Experimental Inquiry, p. 49 & 60. 

364. With different velocities of wind, the load 
that gives the maximum tfect, varies nearly as 

R 4 the. 
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the square of the velocity of the wind, and the 
effect itself as the cube. 

Ibid. p. 52. 

The tjfect IS always measured by the product of the 
velocity of the load into its weight. The velocity 
of the load varies in the simple and du-ect ratio of 
the velocitv of the wind. 



Resistance of the Ai * to Pnjectiles. 

365. Though we should be led, as in hydraulics, 
to conclude that the resistance which air makes to 
moving bodies is as the square of their velocities, 
experiment appears to prove, especially when the 
velocity is great, that the resistance is partty pro- 
portional to the square, and partly to the simple 
power of the velocity. 

The resistance to the some ball, its velocity being », 

-is w ©* -f- w o ; where m and n are given co-efficients. 

HuTTON'''s Course o^ Mathematics^ vol. in. p. 278. 

In this formula m zz .00002576 =: Q^iQ^E* a^^ 

n = - .00388= - ^^ , the diameter of the ball be- 
ing 1.965 inches. 

Hejjce 
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Hence for any ball of which the diameter is dj 
;» = .00000666, and n = — .001, that is, 

^"8000000* ^"■""TSoo' 
and the resistance in avoirdupois pounds, or 

^- 1000 VBoo5 ""*'-'• 

For this theorem, so useful in gunnery, and so well 
accommodated to practice, we are indebted to Dr 
HuTTON of Woolwich, uhi sup^a. 

A ball is often resisted by a force that is many times 
its own weight. An iron ball 3 lbs. weight has its 
diameter =2.78 inches, and when it is thrown with 
a velocity of 1800 feet, it is resisted by a force 
equal to 176 lbs., more than 58 times its own 
weight. 

366. Supposing the air to resist according to the 
law just assigned ; the height, to which a ball of 
the weight a?, and the diameter rf, will ascend, 
when projected perpendicularly upwards with any 
velocity c, will be, 

2 w to 

^Xhyp.log.l"-'"'^ 



w 



If 
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If this expression be reduced, by substituting for w 

its value .5236(2', ^^^ using the common loga- 

/c^ — 150 c 
rithms, A = 760d Xlog T^^^j +!)> 

It may be shewn by this, that a ball 1.05 lb., dis- 
charged with a velocity of 2000 feet, will ascend 
only to the height of 2920 feet, or little more than 
half a mile, whereas in vacuo it would have asceBd<« 
ed to the height of eleven miles and three-fourths; 
HuTTON, ibid, p. 284. 



367. If a body descending in the atmosphere, 
has acquired such a velocity, that the resistance is 
equal to its weight, the accelerating and retarding 
forces being equal, its motion will become imi- 
form. 

Hence, since .5236 d^ is the weight of an iron ball of 
the diameter d, if we make 

•*^ '^^ = i^ imo - ")• ^"^ ""^^^^^ '^•)' "' 

B23.6d=z~^'^v, we have a quadratic equation, 

from the solution of which v may be found. 
The velocity thus found is called the terminal ve- 
locity of the falling body, or of the projectile. For 
an iron ball of 1 lb., the terminal velocity is 244 
feet; for one of 42 lb., it is 456. Vid. Table, 
Hutton'^s Course f vol. ni. p. 291. 

In 
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In strictness this velocity if not acquired till after an 
infinite time, and a descent infinitely long : the 
time of acquiring a velocity diflering from it, by 
any quantity, however small, is finite, and can ea- 
sily be assigned. 



368. The great problem in gunnery, viz. having 
given the weight, the magnitude, the direction, 
and the velocity of a projectile, to determine its 
path through the air, supposing the law of resis- 
tance to be known, is very difficult, and the solu- 
tions of it hitherto given have not led to results 
easily applicable to practice. 

An approximation has been given by Newton, and 
complete solution! by Euler and Le Gendre. 
Prin, Math. lib. ti* Prop. 10. Euler's Remarks on 
Robins, Brown's translation, p. 322., &:c. Le 
Gkndre^s solution is in Franc(Eur"'s Mechaftique, 
p. 196*, &c. 3d edit. 

Dr HuTTON of Woolwich is in possession of many va^ 
luable materials relative to this problem, fy rnisbed 
by his own experiment:*, and there is reason to ex- 
pect a more useful solution than has yet been gi- 
ven, from one who unites profound mathematical 
know^ledge with great practical skill. 

D^'Antoni has proposed a method of determining by 
experiment an indefinite nunjber of points in the 
path of til e same projectile, 

If a series of stations, one abore another, be taken on 
the declivity of a hill, at the bottom of which there 
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is stretched out a plain of considerable extent; and 
if the same piece of artillery be carried successively 
to these stations, and fired at the same angle, and 
in the same circumstances in all respects, and the 
points marked where the shot in all these cases 
strikes the plain, it is evident, that all these are 
points in the curve described by the same shot. 

The same might be done still more easily, by remo* 
ving the gun from one distance to another in the 
plain, and firing against the side of the hill. If the 
points from which the shot were fired, and those 
which they struck, were all marked on an accurate 
profile of the ground, they would enable us to de- 
termine as many points in the path of the pro- 
jectile as there were experiments made. It is 
unnecessary to observe, that at each station a 
great number of shot might be fired at different 
elevations, so that many curves might be determi- 
ned from the same set of experiments ; and that at 
each particular elevation many shots ought to be 
fired, and a mean taken among the points wher« 
the balls struck. 



869. The ranges of the same ball, with the same 
devotion, but different charges, are nearly as the 
square roots of the initial velocities ; and the times 
of flight are nearly as the ranges. 
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bcTTWs Mathematical Dtcftowary,/ article Gunnery^ 
p. 567. Both these propositions are empirical^ or 
deduced solely from experiment. 

Beside the works already quoted, see the article Se^ 
sistancef by Professor Robison, in the Encycloptf 
dia Britannica4 



Sect. II. 
a!r as the vehicle of sounb^ 

VibrAtion of Sonorous Bodies. 

iJ70. The bodies that we consider as sonorous, 
or as causes of the sensation of sound, at the time 
when they produce that sensation, are observed to 
be in a state of tremor or vibration. 

Thk is exemjplified in a bell, and in a drinking-ghis» 
when sound is produced by nibbing its edge with 
a wet fingery in a musical itring, &c. The hitter 
affords the simplest case of this fact, and that in^ 
which the law» of the vibration are mogt easily 
investigated. 

371. If a musical string stretched between two 
fixed points, be struck any where between those 

points^ 
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•points, so as to be forced out of the straight line by 
a small quantity, it will vibrate backwards and 
forwards on each side of that line, and the curves 
into which it will successively pass in the course 
of these vibrations^ will have their curvature at 
every point proportional to the distance from the 
straight line joining the fixed points ; the accele- 
r fating force at each point will also be proportional 
[to that distance, and the great and small vibra- 
tions will be performed in the same time* 

It is usual to reckon the vibrations of a string differ* 
ently from those of a pendulum ; the passage from 
Ihe highest point on one side, to the liigliest on the 
other, is reckoned a mbration of a pendulum. The 
passage from the farthest diitance on one side to 
the farthest on the other, and back again to its first 
position, is accounted a vibration of a musical 
string* It is properly a double vibration. 

t 

372. The figures which a musical string assumes 
in its vibrations, constitute a series of elastic curves, 
or elongated cycloids. 

The construction of these curves is easy. See ihe 
Notes in Le Seur, and Jacquer^s Commentary on 
the Principiaj lib. 11. prop* xtii. the Note 301, Al- 
so Smith's Harvionka. 



373. If 
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373. If L be the length of a musical string of 
uniform thickness, P its weight, S the weight by 
which it is stretched, or the measure of its ten- 
don, t the time of a double vibration, 

f , as usual, is measured in seconds, and g is the relo- 
citj acquired in 1'' by a falling body, expressed in 
the same measure with L. The most convenient 
unit in this case is an inch ; so that g* =: 386. 

The value of t may be made more convenient, by- 
supposing w to denote the weight of an inch of the 

string ; so that P zr to L, then t = — \ -. 

If N be the number of vibrations in a given time, for 

instance in one second, N =-s^~ — * 

If the lengths and weights of two chords are the 
same, their times of vibration will be inversely at 
the square roots of the forces by which they are 
stretched ; and the number of vibrations which they 
perform in the same time, directly as those square 
roots. 

So also, the tension and the weight remaining the 
same, the celerity of the vibration is inversely as 
the square root of the length ; or, the tension and 

weight 
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weight per inch remaining the same, the celerity of 
vibration is inversely as the length. 

The problem of the musical chord was first resolved^ 
and the preceding theorems investigated^ by Brooe 
Taylor, in his Mcthodus incrementarum^ prop. 21. 
23. > &c. His solution, though very ingenious, and 
extending to most of the cases that occur in nature, 
was not general, nor complete, when nmthemati* 
cally considered. The first complete solution %vaf 
given by D'Alembert^ in the Berlin Memoirs for 
1747, and led him at the same tiine to discoveries 
which form a great era in t!ie history of the Diffe* 
rential and Integral Calculus. Mthn, de Berlin^ 
1747, p. 214., &c. 



374- When the sounds of different musical 
strings are compared, a Certain difference between 
them is perceived by the ear, which is called dif- 
Jerence of tone; and this difference is also expres- 
sed by saying, that the one sound is graver^ and 
the other more acute ; the variations of tone are 
found to have a constant or fixed relation to the 
comparative celerities of vibration. 

As the string performs mdre vibrations in a given 
time, the sound it yields becomes more acute ; and 
as it vibrates more slowly, the sound is graver^ 
This is easily brought to the test of experiment. 
The strings that vibrate faster, either from th^ 
greater tension, or their smaller length and weight, 

invariably 
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inv&riably produce sounds that flrc more acute, 
&c< 



S75. If eight strings be such, that the numbers 
of the vibrations they perform in a given time are 
as the numbers i£4, 27, 30, 32, 36, 40, 45, 48, the 
sounds of the first seven will be perceived as in- 
creasing in acnteness one above another, from the 
first to the last, and will yield the notes from the 
combinations of which all musical effects arc pro- 
duced. 

The tone is not affected by the extent of the vibra- 
tions, but merely by their time- The loudness of 
the sound is supposed to depend on tlie greater ex- 
tent of the vibrations. Noise and discordant soundi 
arise from a want of isockronism of vibration. 
When the vibrations are isochronous, or aU per- 
formed ill the same time, the sounds are alwayi 
musicaL 

The last of the strings will sonnd what is called the 
w:tave above the first, and tiie same series may be 
repeated again between the number 48 and its 
double 96, and each note will be an octave above 
its corresponding note in the first interval ; the 
numbers of vibrations will be 54, 60, 64, 7S?, SO, 
90, 96 ; and it is evident that this series may be 
continued either up or down without limit. 

The mnsical scale thus formed, is called the Diatonic 
tScale, 

^ The 
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The pleasure derived from the successive or simulta* 
neous perception of the sounds of this series, ap- 
pears to be an ultimate fact that can be no farther 
analysed^ but must be referred to the original con- 
stitution of the mind. The selection of the combi- 
nations of these notes, capable of affoiding high 
degrees of pleasure, is the object of the musical 
art, 

S77. All other sonorous bodies, at the time they 
emit sound, vibrate in like manner, but according 
to laws less simple. In wind instruments, the 
sounding and vibrating body is the air itself* 

The fturaber of vibrations performed in a given time, 
by any sonorous body, may be determined by com- 
paring its sound with the note which is sounded 
by a musical string of a given length, weight and 
tension. The ear is sufficient to decide w|jat strings 
in a harpsichord is in unison with the given sound. 
The number of vibrations performed in a given 
time by the former, is equal to the number of 
those performed in the same time by the latter. 

57s. All mmical sounds are computed to be con- 
tained within ten octaves; so that the number of 
vibrations in a given time tha^ yields the gravest 
note, is to that which yields the most acute, as 1 
to 2^^ or as 1 to 1024. 

Propagation 
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Propagaiion of Vibratiotzs through the Air. 

379* The vibrations of sonorous bodies are com- 
municated to the air, and by the impression thus 
made on the ear, excite the sensation of sound. 

That ak is necessary to the production of sound, is 
evident from including a bell in a receiver, exhaust- 
ing the air, and making tlie clapper strike on tlie 
bell : the sound i^ hardly audible. 

J80. It is not every kind of vibratory motion 
produced in the air that is the cause of sound ; a 
musical string may vibrate, but if it is touched by 
a bit of cloth, or any soft body, no sound is heard. 
The vibrations in the air that produce sound must 
be communicated by some elastic substance. 

Sound is produced by the explosian of gunpowder, 
that is, by the sudden extrication of a fluid mass, 
denie, and highly elastic. It is produced also by 
the sudden rusliing in of air to supply a vacuum. 
The crack of a whip appears to be an example of 
this last. 



381. Though the vibrations of the air that pro- 
duce the sensation of sound, are no doubt the al- 

s 2 ternate 
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ternate condensations and rarefactions of that 
fluid, in consequence of which the particles go 
and return, or oscillate backwards and forwards 
for some time, even though there is no renewal of 
the impulse of the sonorous bodj, yet every such 
oscillation acts only once» or by a single impulse 
on the ear* Were it otherwise, sound would be 
always something inarticulate and ill defined* 

382. The velocity with which vibrations arc 
propagated through the air, is the same that a 
heavy body w^ould acquire by falling through half 
the height of the homogeneous atmosphere, or that 
which the atmosphere would be reduced to, if it 
were everywhere of the same density, and the 
same temperature with the^air at the surface of the 
earth* 

The height of this homogeneous atmosphere has been 
formerly computed at 4343 fathoms, when the tem- 
perature is that of freezing. If this height be call- 
ed II, then Vy the velocity of the aerial vibrations, 
^ \j2g}l. Hence t? ^ 1057, which is too small, 
as it is found by experiment to be 1 142 feet per 
second. 

The nature of the vibrations of an elastic Ouid, was 
first consiidered bj Newton, and their velocity de- 
finedj as in the preceding proposition, by compa- 
ring them with the vibrations of a pendulum, 

Princip. 
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Princip* Math, lib* ii, prop. 47, & 49. The sound- 
ness of thij reasoningj however, was questioned by 
EuLER ; and it was iillten^rards shewn by Cramer, 
that the same argument might be used to prove 
conclusions very different from that at which New- 
ton had actually arrived, Commtniar^ on the Frin* 
cipia^ lib. ii. vol. ii. p. 364, La Grange after- 
wards gave an accurate folntion of the problem, by* 
which^ though he pointed out the error of New- 
ton's reasoning, he confirmed the truth of his 
conclusion. 



383- The velocity of the pulses propagated in 
elastic fluid, are as the square root of the elas- 
ticity divided by the density of the fluid. 

Frin, MaiL ibid, prop. 48. 

The velocity of sound, computed as in the last ar- 
ticle, comes out less than by actual experiment. 
La Place has suggested a very probable explana- 
tion of this, viz- that the condensation of the undu- 
la, which must take place in these vibrations, pro- 
duces a degree of sensible heat, by which the elas- 
ticity is increased, or, to speak more correctly, the 
density diminished, wliile the elasticity remains the 
same. The heat required for that effect has 
been shewn by Biot to be within the probable li- 
mits which analogy, in the absence of direct expe- 
riment» would lead us to assign. Hauy, Lefom dc 
Phys. § 478. 



sS 



384. There 



278 OUTLINES OF NATUlLAt PHILOSOPHY, 

384. There is perhaps, in the economy of na- 
ture, no contrivance more wonderful, than that by 
which things apparently so little susceptible of pre- 
cision as the impulses communicated to an elastic 
fluid, become the means of conveying to the mind 
such a multitude of distinct impressions as it re- 
ceives through the ear ; the finest modulations of 
harmony, and the nicest distinctions of articur 
late language. 

385. An Echo is a repetition of sounds produced 
by the reflection of the aerial pulses that convey 
sound to the ear. 

A waU, a rock, a grove of trees, may be so placed, as 
to cause an echo. That an echo may return one 
syllable as soon as it is pronounced, the reflecting 
surface should be 80 or 90 feet distant ; for a dis- 
syllabic echoj 170 feet, &rc. The sound, whether di- 
rect or reflected, is supposed to proceed at the rate 
of 1 142 feet in a second. 



3S6. The Speaking Trumpet is an instrument in- 
tended to transmit the sound of the voice in some 
particular direction, to a greater distance than it 
would otherwise reach. 

The best form of a speaking-trumpet, is found to be 
that of a hollow cone^ with a mouth*piece at the 

narrow 
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toarrow end, to receive the lips^ and confine the 
voice of the speaker. 

The beat of a watch may be heard to twice the dis- 
tance through a speaking-trumpet, that it ran be 
heard at without one. It is i^aid, to be the same 
in this experiment whether the trurnpet is cy- 
lindrical or conicaL See the Edinburgh Encydo^ 
padia^ article Acomtics^ Part ii. Sect* ii. This in- 
strument seems to produce its effect, by preventing 
the pulses, as they nre generated, from diflusnig 
themselves all round, and subjecting them longer 
to an impulse in one direction. 



Sect. III. 



\jkl% AS THE VEHtCLE OF HEAT AND MOISTUKE. 



887* T HE Earth and the Atmosphere, taken ge- 
aerally, receive at all times nearly the same quan- 
pty of heat and light from the sun- 
As the whole of one side of the earth is constantly 
turned to the sun, the only difference in the quan- 
tity of heat and light which the earth receives in a 
given time, must arise from t!ie changes which take 
place in its distance from the sun at different sea- 
fi 4 sons 
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sons of the year. In consequence of these changes, 
the quantities of light and heat received hj the 
earth are not proportional to the times, but to t 
angles described by the earth round the sun 
those times. These variations, however, are hi 
inconsiderable, and as they are annual, they do not 
produce any inequality in the whole heat or light 
of one year compared w ith those of another. 



J 



388* Though the earth is thus receiving heat 
continually, and nearly at the same rate, its ave* 
rage temperature appears to remain invariable ; as 
much heat as comes from the solar rays, flying 
off continually into the fields of vacuity, or of 
ether. 



389. While the general temperature of the earth 
remains invariable, the distribution of heat over 
its surface is extremely unequal, being different in 
dilTerent places, and in the same place subject U 
variations, both regular and irregular. 



fl 



390. The causes that determine the distributioi 
of heat over the earth's surface, are either the di- 
rect influence of the solar rays, or the communica- 
tion of heat by the air from one part of the earth'j 
surface to another. 




S91* The first of these depends on the latitude 
of the place, or its distance from the equator, by 
which the intensity of the heat and light from the 
^un, and also the length of the day, are determi- 
far different seasons of the year* 

The intensity of the siin'^s rays» when they strike on 
any plane, is as the quantity that falls on a given 
fipace, or as the sine of the sun's elevation above the 
plane. The nearer the sun is to the zenith of any 
place, at a given momentj the greater the intensity 
of heat produced by his rays« 

The heat for an entire day, depends also on the 
length of the day, and as the day is longer where 
the distance from the zenith is greater, the ineqna» 
lity in the distribution of heat arising from the one 
of these causes, compensates that proceeding from 
the other, and brings their combined cfTects nearer 
to an equality than might be imagined, Fontana 
has shewn, that the heat of the day of the summer 
solstice at Pavia, is greater tlian the heat of the 
same day at Petershurgh only in the ratio of 63'^ to 
62 \ though the latitude of the former be 4o^ 11', 
and of the latter 59 50', 

The same author finds, that when the sun'^s declina- 
tion exceeds !8 , or from about tlie 10th of May to 
the 30th of July, the heat in twenty-four hours 
proceeding from the sun's rays is greater at the 
north pole thon at the equator. Greg. Fontana^ 
Diat^uuitiones Pkydco-Matkcnuttica^ Ima & gdA, 

Tlie 
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The dUtribation of* heat, therefore, if only the direct 
influence of the sun were to act, would be rctj 
different from that which takes place in nature. 

The intensity of the solar heat is less in low eleva- 
tkms than b here supposed, on account of the nys 
coming through a larger mass of air, and of air 
more loaded with vapour, so that a great quantity 
of them is intercepted. Bouquer, Traite (TOp* 
tique ; mr la Gradation de la Lumitre, JAr, uL 
sect. iv. 



892. The effects of the direct influence of the 
fim, are greatly modified by the transportatton of 
the temperature of one region into another, in 
consequence of that disturbance in the equilibrium 
of the atmosphere which the action of those rays 
necessarily produces. 

In order that there may he an equilibrium In a fluid 
like the air, every stratum of air that is level or ho- 
rizontal all round, ought to be of the same density. 
It ought, therefore, also to he everywhere of the 
same temperature, which not being the case, the 
constant motion of the air is the necessary conse- 
quence of heat being unequally distributed. The 
columns of air that are lighter, are displaced by 
those that are heavier, and hence a general tenden- 
cy in the air to move from the poles toward the 
equator. This general tendency, which h calcula- 
ted to moderate the extremes of temperature> is al- 
so greatly modified by local circumstances. 

893. The 
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S95* The sea is preserved of a moderate tempe- 
rature by the statical principle that makes the 
heavier columns of a fluid displace the lighter. A 

more uniform temperature is thus given to the sea, 
which communicates itself to the air incumbent 
an it, and to that on every side. 

394. Conversely, the effect of ^eat and unbro- 
ken continents, is favourable to the extremes of 
heat or of cold. 

The coDJtitutioti of the surface may tend to increase 
and sometimes to diminish this eirect. High moun- 
tains especially, if covered with snow, may enforce 
the rigour of a cold climate, or temper the heats of 
a w^ m one. 

Forests tend to increase the cold, by preventing the 
sun's rays from striking on the ground, Evapora-. 
tion produces cold; and marshes and lakes are 
therefore favourable to the severity of the weather. 
The congelation of water produces heat, and mode- 
rates the cold ; the melting of ice, on the other 
band, increases the capacity for heat, aod so pro- 
duces cold. 



395. Height above the level of the sea, causes a 
diminution of heat at the constant rate of l"* for 
270 feet nearly, when not far from the surface of 
the earth. 

It 
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It has already been remarked^ that this decrease seetni 
to be somewUat slower as we ascend, but not verj 
comiderablj, as far as our observations have ex- 
tended. 



396. The combination of these causes gives to 
every place a mean temperature, which remains 
always nearly the same, and which decreases from 
the equator to cither pole> according to a law that 
has been determined by observation. 

397* Let / be the mean temperature of any pa- 
rallel of which the latitude is L, M the mean tem- 
perature of the parallel of 45^ and M+E the 
mean temperature of the equator then is ; 

^ = M + E cos 2 L. 



In this formula, M=:58^ and E=:S7^ 
2 L > 90, cos 2 L is negative. 



When 



This theorem was first given by Mayer, Opera im* 
diia^ vol, i. p, 4,, &c. Also Km wait. Estimate of 
the tanperaturi' ofdiffercfU Latitudes^ p. 18. 

From this a geometrical construction, for finding the 
mean temperature, may be readily deduced* 

In the line AC (fig 25,), divided into equal parts, num- 
bered from A, so as to represent the scale of a ther^ 
momcter, let AC J^ 85, and AB = 58. From the ' 

centre 
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centre B, with the distance BC or 27, describe the 
semicircle C A ; take tlie arch CG equal to the 
double latitude of any parallel ; and from G draw 
<30 perpendicular to AC ; then is AO the iriean 
temperature of that parallel, according to FAHREfr- 
hkit's scale. 

The mean temperatures thus found, agree very well 
with observation. Springs, in which the water 
d<>es not considerably change its heat from one sea- 
son of the year to another, afford an expeditious 
and accurate way of ascertaining the mean tempe- 
rature. 



398. If the place is at any height H above the 

TT 
:vel of the sea, t — M — ^^7- -L E cos 2 L. 



H is understood to be expressed in English feeL 



S9Q, On ascending into the atmosphere, at a cer- 
tain height in every latitude, a point is found where 
it always freezes, or where it freezes more than it 
thaws, so that the mean temperature is below S2^ 
The curve joining all these points, from the equa- 
tor to the pole, is called the Ihie 0/ perpetual co?i' 
yelaiion. The equation to it w^ill be found, by 

XT 

iking S3 = M — — 4-Ecos2L. 



Thla 
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This line at the equator is elevated 15577 feet abore 
the level of the sea ; so that for detenmnlng n we 
15577 



have 32=^58- 



H- 27, or It = 294. 



Thiw, H — 76« 4- 79^3 cos 2 L, and thia seems 
nearlj to agree with actual observation. 

Professor Leslie has given a different equation, 
founded on the law of the diminution of heat 
mentioned at § 339. In the table calculated from 
it, heights come out rather below what observation 
requires. Elements of Gemutri/y 2d editioD, p. 49fi. 



400. The temperature of the latter end of Apri] 
is observed, at least in the temperate zone, to be^ 
nearly the mean teniperature of the year. From 
that time the heat increases, and is at its maxi- 
mum about the 21st of July ; it goes on decreasing 
from that time till it come to the mean in the end^ 
of October, and it passes from thence to the great-^ 
est cold about the 21st of January. All these vi-^ 
cissitudes may be nearly represented by the for*! 
mula in which G is the mean temperature for the 
given place, F a constant co-efficient to be fouod^j 
by observation, x the mean longitude of the sun 
computed from the first of Aries, for any day of 
the year, the mean temperature of which is y. 
Thus, the times of the mean and the extremes of 
temperature being taken by about one month la- 
ter 
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tcr than the corresponding me^n and extremes of 
the sun's eleration, 

y = G+Fsin(x — 30). 

This supposes that the mean heat takes place whe« 
the sun enters Taurus, which is nearly true. In 
this latitude, we may suppose F i:^ 15^. 



401. From this formula, compared with the two 
former, one theorem may be deduced, including 
the effects c£ latitude, elevation above the surface, 
and the season of the year, viz., the mean tempe<» 
ratureof any day under any parallel, and with 
any elevation, 

^ = M— — +Ecos2L + Fsin(A— .30°). 



402. The formula for the mean temperature, as 
laid down above, would probably hold over the 
^ole globe, if it were everywhere covered by the 
ocean ; but it agrees strictly only with the At- 
lantic Ocean, and the western part of the Old 
Continent. 



7he editor of Maybr^s Posthumous Works obserre^^ 
tliat his theorem applied accurately only to the 

portion 
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portion of the globe contained between the paral* 
ids of Stockholm and of the Cape of Good Uope, and 
between the meridians of Stockholm and Mexico. 
This does not seem quite exact ; no part of North 
Anierica having its mean temperatiue the same 
with that of places of tlie same latitude in £u- 
.jrope. It would require at least 10' to be taken 
^ from M, to adapt the formula of § 397. to the 
New Continent. See Kirwan^'s E&tiwtatc oftlit Cent* 
ptrature ojdijftrtni Latitudes, p* IS. 



403, As we go eastward from the shores oft 

"Atlantic, the mean temperature of any parallel 1 
comes lower, at a rate that may perhaps, for i 
north part of the temperate zone, be estimated at a 
degree for 150 miles. 

At St Pt'tershurgh, lat. 50" 5C', about 750 miles froii 
what may be accounted the shores of the Atlantic 
the temperature is 5 5' below the standard. Ti 
tuedium tein[)erature of January is no more tha 
10 - By computation Irom the formula obove, i| 
ought to be greater than 32 '. The winter lasfi 
from October to April, and the cold is sometime 
as great as the freezing point of mercmy , or — 39*? 
From a mean of several years, the mean of tlifl 
winter cold is ^-25^ Kirwan, ibid. p. 6L 

It was at Krasnojarkj lat. 56° 3(/, long. !?3' E. that 
^^ mercury was first known to freeze by natural 
- cold* 
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If we were to begin where any parallel intersects the 
shore of the Atlantic, and draw on the map a line 
along which the mean temperature stiould be coni- 
stantly the same as at the first-mentioned point, it 
would incline greatly to the south. The pointy 
for instance, in the meridian of Petersburgh, which 
has the same temperature with the standard be- 
longing to the paraOel of that city, is about 5^ 
south of itj or in the latitude of 54 SO' nearly* 

At Irkutz, latitude 52° 15 , longitude 105* east, the 
mean temperature from October to April has been 
known to be as low as — 6°. 8, a temperature 
which ibr severity and duration exceeds any thing 
that has yet been obser^^ed elsewhere. 



404. This increase of the severity of the win- 
ter, and the consequent diminution of tlie mean 
temperature, on going eastward, holds in all the 
latitudes north of the parallel of 30^ ; but the di- 
minution is slower as we approach that parallel ; 
to the south of 30^ the mean heat increases on re- 
tiring from the ocean. 

This diminution takes place all the way to the shares 
of the Pacific, or very near them. The climate of 
Pekin is vastly more severe than that of the same 
parallel (39^ 54') in Europe. 



405- In the New Continent, also, at least in the 
port of it to the north of the Tropic of Cancer, 

T the 
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the mean temperature is tiuich below the standi 
ard, and the seventy of the winter much great- 
er than in the same latitudes in Europe. 

At Prince of Wales' Fort, Hudson's Bay, lat. 59°, 
long* 92'' west, the mean temperature is 20** under 
the standard ; at Naiii in Labrador 16^ ; at Cam- 
bridge in New England (lat. 42' 25',) 10 degrees. 
Mercury lias been supposed to be frozen by the na- 
tural cold as far south as Quebec, lat. 47^. 

^ very low mean temperature, and extreme cold in 
winter, arc characteristic of the climate of North 
America. 



406. In the higher latitudes of the Southern 
Hemisphere, the temperature is lower than in the 
same latitudes of the Northern Hemisphere* 

FonsTER describes a small island on the coast of 
South Georgia, latitude 54° south, which, in the 
middle of summer, was covered almost entirely 
with frozen snow, to the depth of seyeral Ik- 
thorns. 

The South Pole is surrounded to the distance of IS 
or 19 degrees with a baiTier of solid ice, through 
which even the skill and intrepidity of Captain 
Cook could not force a passage. 

It ii known also, that detached masses of ice 
tioat down in that hemi*^phere as low as the lati- 

tuda 




407. The varieties of temperature to be met 
ivith on the surface of the earth, appear to be 
confined between the limits of 100° and ^-40**- 

No degree of cold much below --- 40"^ has ever been 
observed in nature, even when thermometers have 
been employed containing a fluid not liable to con- 
gelation. Sir C7f]ARii££ Blagden on the Cmgelatton 
of Mercur^y p. 61. 

The heat of 100=^ is rare, but a heat approaching to 
90°, 13 found in the summer of most countries 
within the limits of the temperate ^ones. 

There is hardly any climate, even in the frigid zone, 
where a temperature between 60^ and 60° is not 
occasionally experienced. 

The greatest heat is much less above the mean tem- 
perature than the greatest cold is below it. The 
mean temperature for the whole surface may be ta- 
ken at 58^ ; the greatest summer heat is only 42* 
above this; the greatest winter cold in 98^ un- 
der it* 



408. There is reason to think that the climates 
of Europe were more severe in ancient times than 
they are at present, and the change that has taken 
place may with great probability be ascribed to 

T a the 
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the better and more extensive cultivation of the 
ground. 

C.csAR says, that the vine could not be cultivated in 
Gsul on account of the severity of the winter. 
The rein-deer was then an inhabitant of the Py- 
renees. The Tiber was sometimes frozen over, and 
the ground about Rome covered with snow for se- 
veral weeks together. Sec Hume an the Poptdous* 
ness of Ancient Nationsy Essays^ vol. L p. 451. edit. 
1779. Dainbs Barrikgtobt, Fhtl. Trans, voL Iviii. 
(1768)p.m, &c. 

Cultivation may improve a climate, !««>, By the 
draining of marshes, and lessening the evaporation, 
which is so great a cause of cold ; 2^°^ By turning 
up the soil, and exposing it to the rays of the sun ; 
3tiQ^ By thinning or cutting down forests, which 
by their shade, prevented the penetration of the 
sun'^s rays- The improvement which is continually 
taking place in the climate of North America, 
proves that the power of man extends to the phe- 
nomena, which, from the magnitude and variety f 
their causes, seenled most superior to his controul. 
At Guiana in South America, the rainy season 
has been shortened by the clearing of the coun- 
try, and the warmth greatly increased. It thun* 
'ders continually in the woods ; rarely in the culti- 
vated parts. BuFFON, Sup, torn. ix. p. 346. oc* 
tavot 
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409» The principal cause of those currents of 
air to which we give the name of JVinds^ is the 
disturbance of the equilibrium of the atmosphere 
by the unequal distribution of heat. 

In order that an equilibrium may take place in an 
elastic fluid, ciiTumfused about a solid, to which it 
gravitates, every level stratum ol' the fluid, that is, 
every stratum, which^ when continued round, cuts 
the directions of gravity everywhere at right angles, 
should he of the same density, and therefore of the 
jiame temperature. As this is not the case, the 
equilibrium of the atmoiphere is inconsistent with 
the actual distribution of heat on the earth's sur* 
face. 

The general tendency, in sucli cii cumstances, is for 
the heavier columns to displace the lighter, and for 
the air at the surface to move from the Poles to- 
ii^ard the Equator. The only supply for the air 
thus constantly abstracted ft-om the higher latitudes, 
must he produced by a counter-current in the up- 
per regions of the atmosphere, carrying back the 
air from the Equator toward the Poles. The quan- 
tity of air transported by these opposite currents, 
is so nearly equiil, that the average weight of the 
air, as mea^^ured by the baiometer^ is the same in 
nil places of the earth* 

t3 If 
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If tlie inrfaoe of die cvth were wholly corered 
water, so tlial tliere was no port of it more i 
ged tliaa another to ofaatmct the rootioii of tlw air, 
or that had a greater capadtjr tbait another, of ac- 
«Iiiiriiig or communicating heat, the air would pro- 
liablj circulate contmualij in thij manner from the 
Poles to the Equator, and back again, without aof 
irregularity whataoerer. 

410. In consequence of the rotation of the earth 
on its axis, another motion is combined with that 
of the currents just described* The air, which is 
constantly moving from points where the earth's 
motion on its axis is slower, to those where it is 
quicker, cannot have precisely the same motion 
eastward with the part of the surface over which 
it is passing, and therefore must, relatively to that 
surface, describe a curve, having its convexity turn- 
ed to the east. The two currents, therefore, from 
the opposite hemispheres, when they meet toward 
the middle of the earth, have each acquired an ap- 
parent motion westward i and as their opposite mo- 
tions from south and north must destroy one ano- 
ther, nothing will remain but this motion, by 
t^hich they will go on together, and form a wind 
blowing directly from the east* 

This is the cause of the Trade Windy which (with 
certain exceptions) blows conlinually between the 

Tropics, 







Tfopics, or rather between SO'' on the one side of 
the Equator, and 30^ on the other. 

The Trade Wind declines somewhat from due east 
toward the parallel to which the iun is irertieal at 
different seasons of the year. As the sun ap^ 
proaches the southern tropic, the Trade Wiiid is 
directed somewhat to the south; and as he ap^ 
proaches the northern, somewhat to the north. 

The cause Usually assigned for the Trade Windj is 
the constant motion toward the west of the spot to 
which the sun is vertical, and where of course the 
rarefaction is greatest. This, it is supposedj draws 
along with it the air from the east. This, how- 
ever, is by no means satisfactory, and it seems cer- 
tain, that if the Trade Wind were produced in this 
way, it must have great rapidity, in place of being 
a gentle breeze, at the rate of seven or eight miles 
an hour* 

^he opinion that the Trade Wind is produced by the 
air in its motion southward falling back toward the 
west, is mentioned, but rejected, by Haliey. It has 
since been espoused by Franklin and La Place, 
land is, on the whole^ less objectionable than any 
other. 

*rhe matter is here stated somewhat differently from 
what is done by those authors, particularly the ef- 
fect of the currents from the opposite hemispheres, 
t4 in 
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in deiermiaing the motioo lo be wbc^j from the 
east. 



41 1. The attractions of the sun and moon have 

^mctimes been considered as among the general 

causes of the winds. They have no doubt a ten- 

lency to produce in the atmosphere an undulation 

[backwards and forwards, like the tides which they 

t cause in the ocean. It does not appear, however, 

• that they could produce any continued progressive 

motion of the air, similar to that of the Trade 

Winds. Their effects also, are too minute to be 

perceived, amid the action of so many more 

powerful causes. 

D*Al£mbert m his Rcchcrches sur ta Causes GS- 
nSrales des Vents, has treated of the forces of the 
BOn and moon to produce currents in the atmo- 
sphere. Hjs essay is more remarkable for the re- 
source and ingenuity it displays in the management 
of the calculus^ than for the physical conclusions to 
which it leads. 



^ 412- The superior current above described, re- 
stores the air carried from the higher latitudes to 
the lower, with such a degree of equality, that the 
average weight of the atmosphere, as measured by 
the barometer, is nearly the same in all climates, 
This restoration is, however, subject to great local 
and temporary irregularities, from the different 

degrees 
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degrees of resistance that the air meets with in 
passing over the surface, and the different capaci- 
ties of that surface for receiving and communica- 
ting heat* 

The motion of the Inferior and superior currents, 
may be seen exemplified on opening a door, be- 
tween two apartments of different temperatures* 
The flame of a candle near the gi^ound, will shew 
the stream that sets from the colder room to the 
warmer ; near the top it will indicate a stream in 
the opposite direction. 

As the average quantities of the air carried hj these 
opposite currents are equal, the surface that sepa« 
rates them is probably not far different from that 
at which the barometer would stand at 15 inches, 
or half' its medium height at the surface. 

If we suppose the mean temperature is 3&^y tUs ele- 
vation will be found =3010 fathoms, or 18,0(»0 
feet — 3.425 miles, not so high as the summits of 
the Cordilleras. 

The upper jtream in each hemisphere being directed 
to one point, the pole of that hemisphere, there 
must arise a considerable condensation, and accele- 
ration of the air, as the currents approach that 
point, and hence the 
must be increased on approaching the poles, 



causes of irregular wnid» 



The general direction of the upper current rafust be 
to the westward, for the same reason that that of 
the lower was toward the east. 

413. The 
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413. The Trade Wind itself is subject to cer- 
tain irregularities. As the sun advances into 
the Northern Hemisphere, the Trade Wind be- 
comes irregular ; and about the middle of April4 
in all the tract between Africa and the peninsula 
of India, and much beyond it, changes from north- 
east to south* west, and continues to blow in that 
direction, till the sun returns to the Southern He* 
misphere. 

The catuc of this change is difficult to be assigned. 
It seems probable^ that by the sun^s entry into 
the Northern Hemisphere, he communicatee great 
heat to the sandy desarts of Africa, which lie to the 
west or south-vrest of the teas just mentioned. Th^ 
great heat acquired by the sand of those desarts^ 
produces a rarefaction in the columns of air incum« i 
bent OD them, and consequently a tendency, in th^ 
columns that are near them, and more moderately i 
heated, to flow in and displace the heated air. The 
air of the Atlantic Is most likely to do this, and in 
passing over Nigritia, kc, to acquire a velocity that 
cmrries it on eastward through the Indian Ocean. 

These periodical winds are called Monsoons. 

The change, or the setting in of the monsoons, does 
not happen all at once. In some places the shift- 
ing of the wind is accompaiiied with calms; in 
others with variable winds, heavy Fains, thunder^ 
tnd violent stonng. 

414. The 
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414- The tract from the parallel of SO^ to the 
Pole, in each heniispherc, is the region of variable 
winds; and their unsteadiness and violence seem 
to increase, the nearer they approach the Polar 
Circles. 

The irregularity of winds proceeds from inequalities in 
the motion of the general currents above mentioned^ 
and from a variety of local causes ; ako from the 
chemical ckanges that are xafried on in the air, 
such as the solution and precipitation of moisture, 
and the action of the electric fluid on the different 
gases that compose the atmosphere. 

415. Sudden and strong gales of wind appear 
almost always to arise from a diminution of the 
"weight of the air in the tract where the wind pre- 
vails, and are accompanied, or preceded, by a fall 
of the barometer. 

The sudden sinking of the barometer almost alwsyt 
indicates a gale of wind, though a gale that i§ 
fiometimea at a considerable distance. When the 
barometer begins t6 rise, it is a symptom that the 
gale has reached its height; and though it may 
still contiiiue to blow for a long time^ it is usually 
with decreasing violence. 



416. Notwithstanding these irregularities, there 
is in most countries a tendency to periodical 

winds. 
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winds, more or less remarkable, according to the 
steadiness of the climate. 

Htch with us, where an insular situation, with m 
great Continent on one side, and a great Ocean on 
the other, unites all the causes of a variable di* 
mate^ the East wind usually prevails in the spring, 
from the vernal equinox to the summer solstice, 
and beyond it ; during the rest of the ye€tr, the 
Westerly winds prevail, though not without fre- 
quent incursion^ of the east, by w^hich our most un- 
pleasant weather is always produced. 

The Etesian^ or northerly wind, prevails very much 
in summer all over Europe. Pliny descnbes it as 
blowing regularly in Italy, for forty dsys after the 
summer solstice, lib. li. cap. 4T. It is part of the 
great current that carries the atmosphere of the 
higher latitudes down to the tropical regions. 

^' 417. The velocity of the wind varies from 
that is hardly sensible, to one of 100 miles in 
hour. 



The force of the wind, is as the density of the air 
multiplied into the square of its velocity. Smea- 
TOM has given a table of its force, expressed by its 
pressure in avoirdupois pounds, on a plane of one 
foot square directly opposed to it. Phil Trajis, 
voL U, p, 165., kc. Also Cavallo, voL ii. p. 287, 

A gentle light breeze is there estimated as moving at 
the rate of four or five miles an hour, and pressing 

with 
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with a force of about two ouncet: A brisk but 
pleasant gale from ten to fifteen miles ; with a force 
from half a pound to a pound : A high wind goes 
at the rate of thirty or thirty->five miles, and pres- 
ses with the force of five or six pounds : A hurri- 
cane, that tears up trees, and blows down houses^ 
has a vdocity of one hundred miles an hour^ 
and a force of fortj-nine pounds on a square 
foot. 

The velocity of the wind may be estimated by the ve- 
Jocity of clouds, or of light bodies carried by it. 



Rain. 

418. The vapour that rises from water uniting 
itself to the air, ascends into the higher regions of 
the atmosphere, and is carried by the winds to 
great distances. 

It cannot be doubted, that the humidity raised in 
this manner is chemically dissolved in the air. 

The humidity does not lessen, but increiases the trans- 
parency of the air, and cannot be withdrawn from 
it but by substances that attract it powerfully. 

419. The power of air to dissolve humidity in- 
creases in a greater ratio than that in which its 
temperature increases. 

It 
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It 8pp€>iri from SAtresvRBV experimenUi, that while 
the teniperatuic increases ia arithmetical progres- 
sion, the huTnldlty which the air is able to contain 
increases in geometric progression, A cubic foot 
of air^ of the teraperature 66^, is able to hold in 
solution 11 or 12 grains of water: the air itself 
weighs 570 grains : so that air of the temperature 
66^, dissolves about a 50th part of its own weight 
of water. JE^^at sur V Hygromctrit^ xi. chap. x. 
p. 167., 8tc- 



420* Hence, if two portions of air, of different 
temperatures, and both saturated with humidity, 
be mixed together, a precipitation of humidity 
mast necessarily take place. 

If the abscissae AB, AB' (fig, 26.) be the tempera^ 
tures of two equal portions of air, and the or- 
dinates BC, B'C represent the quantities of humi- 
dity contained in them, the curve CFC, which re- 
presents the dissolving power, corresponding to dif- 
ferent temperatures, will he convex toward AB, 
and will, so far as experiment has shewn, be a lo- 
garithmic curve. Now if CC be joined, and if 
BB' be bisected in D, the perpendicular DE will 
represent the humidity contained in a given weight 
of the mixture of tlie two portions of air, AD the 
temperature of the mixture, and DF the quantity 
of humidity which the air of the temperature AD 
is able to contain. The quantity precipitated from 
pach portion of the air ia therefore EF ; so that the 
whole quantity precipitated is 3 EF. 
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In general, if T and t are the temperatures of Iwq 
equal portions o^ air, H and h the humidity con- 
tained in them when saturatedt the quantity of hu- 
midity precipitated from the mixture will be, 

4*21. If, therefore, large portions of the atmo- 
sphere, of different temperatures^ and saturated^ 
or nearly saturated^ with humidity, be driven 
against one another by contrary winds, the conse- 
quence must be a precipitation of humidity, or the 
formation of clouds. 

This simple and ingenious theory of the foiTnation 
of clouds, was the discovery of the late Dr Hut- 
ton. See Edinburgh Transact ionsp vol. i. p. 41* 
It is not necesiary to the theory, that the curve 
which terminates the perpendiculars BC, B'C, 
tie. should be a logarithmic curve ; it is sufficient 
that it be a curve convex toward the axis AB. Of 
this Dr Hutton had satisfied himself by the obser- 
vation of natural phenomena* If the line termi- 
nating the perpendiculars v\ as straight, and much 
more were it convex^ no precipitation could ever 
take place. 



422. The clouds thus formed, are not disposed 
equally over the whole atmosphere, but occupy a 
peculiar region, elevated at an average between 
jwo and three miles above the earth. 
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The mixtiire of different portions of air is likelj to 
take place most frequently when the two opposite 
currents already mentioned come in contact with 
one another. This is at the height of 1S,00(> feet 
and upwards, which agrees very well with the me- 
dium height of the clouds. 

423. The clouds thus formed, have their parti^_ 
cles united into larger masses or drops by different 
causes, such as the nrutual attraction of aqueous 
particles, the force of the wind, or the operation o^ 
electricity, and so fall down in rain on the surface 
of the earth. 

The intimate connection between rain and the exist- 
ence of different currents of air, is evident from 

many appearances, 

1. When the Trade Winds blow unifonnly, hardly 
any rain falls ; but when the monsoon changes, 
heavy faUa of rain seldom fail to take place. 

2. In the tropical climates, the rainy season is always \ 
on the sun's approach to the zenith, at which time 
also the winds are most variable. 

3. There are some spots of continual rain, which 
seem to be where opposite streams of air constant- 
ly meet one another. 

4. There are several tracts on the earth^s surface, 
where it hardly ever rains. They are usually far 
inland, and have extensive plains, without any of 

those 
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Ibose inequalities of surface that promote the mix* 
ture of air. 

5. In the midst of those deserts, where mountains oc- 
cur, moisture is precipitated, sometimes in the 
form of rain^ but most frequently of dew^ so 
that there are springs of fresh water, and gi-eat 
fertility produced. 

6. There is in our climate hardly any instance of rain 
without a change of wind, and very rarely a chiinge 
of wind without rain in a greater or smaller quan- 
tity. 

7. The lowness of the mercury in the barometer is a 
sign of rain. It is a certain indication of the sub- 
version of the equilibrium of the atmosphere, and 
makes it probable, that before the equilibrium is 
restored, winds from different quarters^ and of dif- 
ferent temperatures, must come into collision with 
one another. 



424. The Hygrometer is an instrument intend- 
ed to measure the quantity of humidity contained 
in the air at any time. The power of evaporation 
to produce cold has been very happily applied by 
Professor Leslie, to the construction of an instru- 
ment of this kind. 



425. The vapour raised up into the air, is of a 
quantity sufficient to afford all the rain that falls, 

u or 
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OT to supply all the springs, and of consequence all 
the rivers derived from them, on the surface of the 
earth. 

Dr Haixey shewed, that the eTaporattoa from the 
sea alone is a sufiicient supply tor all the waters 
that the Hirers carr^r into it. His calculation was 
founded on a very complex view of the subject, andj 
liable to several objections. Bufpoit took a mortj 
Mmple view of the matter, by selecting one of thot 
lakes that sends out no stream to the ocean, and 
shewing that the probable evaporation from the 
surface of the lake is equal to all the water car- 
ried into it 



t. 



A simpler vie^v still may be taken, by shewing that 
all the water annually emptied by a river into the 
sea, is less than the rain that falls on the surface 
drained by it. Thus, according to Dr Hallky's 
computation, the water which the Thames carries 
down through Kingston Bridge, to which the tide 
does not reach, is 25344W0 cubic yards, 
DS-lgSSOOO cubic feet per day, which giv* 
2197G5120000 cubic feet for the quantity of wi 
ter which the Thames discharges annually into 
the nea. Now^ the surface drained by the Thamei 
Hnd its branches, appears to be nbout equal to & 
circle of 40 miles radius; that is, nearly to 5036 
square miles, or 140395622400 square feet. But 
if we suppose that the depth of rain which falls an- 
nually, at an average, over this surface is two 
iV^t, we have a quantity which exceeds that carried 

down 
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down by the Thames by 310261 24SOO, or nearly 
an eighth part of the whole, which is therefore lefl 
to be taken up by the evaporation. 

Mariotte has made a limilar computation for the 
Seine, in his Trailc it Mouvimait des Eaujo, 



4SJ6. »The disputes that prevailed so long con- 
cerning the origin of fountains and rivers, chiefly 
arose from the difficulty of conceiving, how a pre- 
carious and accidental supply could be rendered 
equal to a regular and great expenditure. 

The opinioni of the sncientSj concerning the origin 
of fauntains, are to be found in Sexbca, JShtzL Qu/tst, 
lib. HI. See al^o Varenius, sect. It. cimp. xvi. 
prop. 5. 



427- The quantity of rain that falls in different 
places in the Same year, and in the same place ui 
different years, is extremely various ; and even in 
the temperate zone runs between the extremes of 
18 and 100 inches. 

In places not very distant from one another^ the dif- 
ierence in the quantity of rain is oilten very great. 
The neighbourhood of the sea on one hand, and 
mountains on the other, is most favourable to the 
production of rain ; from the first is derived a hu- 
mid 



808 OUTLINES or NATURAL FHILOSOFRY. 

^ fnid BtTiiosphere, and fi-am the second the prcvt- 
\enee of winds of dtflerent temperatures. 

When the raio exceeds 25 inches a-year, the cUinate 
is ta be accounted moLsi. In the year 1809, the 
rain that fell at Dalkeith, tear Edinburgh, was 
S8.5 ; at Gkagow 25.1 ; at Largs, at the mouth of 
the Clyde, 40.6 ; and at Gordon Castle, on the 
east coast of Scotland, 24,5 : At London, in the 
same year> 20.7; in the preceding year, the fall 
was but 18.8, In some places of this island, such 
as Kendal and Keswick, the rain amoii^nts to 64 
and 68 inches in a year, 

428. The disposition of the rocks in strata, con- 
tributes much to the collecting of the waters un* 
der the surface, and the conveying tbem without 
waste, as if in close pipes, till thej are united in 
fountains, lakes, rivers, &c, 

Bernarb Paixassy was among the first who made 
this remark, and even brought it to the test of q%- 
periment. 

4^9» The region of the air in which the preci* 
pitation of humidity takes place, is frequently one 
where the temperature is below freezing ; the fro- 
zen particles then uniting, as in the case of melt- 
ed vapour, form flakes of Snow, which reach the 
surfiice in that same state, when the cold of free* 
zing continues down to the surface. 

Whe» 
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When the aqueous pftrticles first form a drop, and 
are afterwards frozen m their descent, they be- 
come Hail, which is sometimes found crystallised 
with some degree of regularity. The whiteness 
and opacity of the hail, is probably owing to the 
congelation being performed where the air is very 
rare* Professor Leslie has remaikedj in the cu- 
rious experiments he has made on the production 
of ice by evaporation, in a receiver where the air 
was considerably rarefied^ that the ice is more 
pocous, and less transparent, than that which is 
formed under the ordinary pressure of the atmo- 
sphere. 



430. Dew is a precipitation of hamiditj from 
the lower strata of the atmosphere, which does not 
disturb the transparency of the air, and to which 
the nnixture of different streams of air does not 
seem necessary. 

Dew is formed only in calm weather, and in the 
evening, or during the night. The resting of the 
globules of dew on the points of grass and other 
plants, seems to indicate the presence of some elec* 
trical influence. Bruce has remarked, that du- 
ring the dry season no dew falls in Egypt, but that 
it is usually observed in the Delta five or six day?i 
before the inundation. 



431. Besides these deposites from the atmo- 
sphere, which are all of one substance, there are 

others 
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Others that cannot be traced to the same origin. 
These arc the Stones which have often been said, 
and have of late years been ascertained beyond all 
doubt, to fall down from the air ; on examina- 
tion, they are found to contain certain metallic 
ores, in many respects unlike to any thing that is 
found either on the surface or in the bowels of the 
earth. 

See an account of Meteoric Stones, Howard, PhiL 
Trans. 1808. Ixarn, Liihologie AtmospheriquCf 
Paris, 8vo, 1803 : and Catallo, vol iv. p. 872., &c. 

In the absence of all analogoui appearances^ it is per* 
haps unpUlosophical to offer any explanation of 
the Meteoric Stones, We would only suggest as 
a mere possibility, thmt gaseous substances may be 
thrown up into the air, from the numerous volca^ 
noes on the earth's surface^ which may contain the 
elements of metallic and stony bodies from the mi- 
neral regions ; and that Ibese, while floating about 
in the atmosphere, may sometimes be collected in 
considerable quantities into one place, where, being 
subjected to electric or galvanic action, they are 
united into a solid mass. 
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